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INVESTIGATIONOF THE

BOUNDARYLAXERIN

By Lesterlkes

STABIiXTYOF T3E IAMINAR

A CONSPRESSIBIEFLUID

and Chia ChiaoLin

In the”presentreportthe stabilityof two-dimensionallaminar
flowsof a gas is investigatedby tinemethod.of smallperturbations.
The chiefemphasisis placed.on the case of’the laminarboundaw layer.. -.—

Part I“of the -presentreportdealswith the gm.eralmathematical
theory, The generalequationsgoverningone normalmode of the small

,..-

velocityand temperaturedisturbancesare derivedand studiedin greak”-
detail. It is found thatfor Reynoldsnumbersof the orderof those
encounteredin most aerodynamicproblems,the temperaturedisturbances .-

have.onl.ya negligibleeffecton those particularvelocitysolutions
whichdependprimarilyon the viscositycoefficient(“viscous solu-
tions”). Indeed,the latterare actuallyof the ssmeform in the
compressiblefluidas in the incompressiblefluid,at leastto the first
approximateon. Becauseof thisfact,the mathematicalanalyslaIs
greatlysimplified.The finalequationdeterminingthe characteristic
valuesof the stabilityproblemdependson the “inviscidsolutions”and
the functionof TietJensin a mannervery similar to the case of the in-
compressiblefluid. The secondviscositycoefficientand the coefficient
of heat conductivitydo not enterthe problem;only the ordina~ coeffi-
cientof viscosity near the solidsurfaceis involved.

●

The.
the
the. .
has

.
9

Part II dealswith the limitingcase of infinit~Reynoldsmni!xn?s.
studyof ener~ relationsis very much emphasized.It iS shownthat
U.sturbancewill gain energyfrom the main flow if tho gradi6ntof
productof mean densityand mean vorticitynear the solidsurface

.—

a signoppositeto thatnear the outeredge of tho boundarylayer.

A generalstabilitycriterionhas been obtainedin +xwmsof the
gradien=of the p?oduct-ofdensityand vorticity,analogousto the
Rs.yleigh-Tollmlencriterionfor the case of an incom~ressiblefluid..If

k this gradient vauishesfor somevalue of the velocityreti~of themain ??1ow “-
exceeding l-1/M (whore M is the free streamMach nuriber)j

.— .-
——:



—.. .

then neutraland self+mc-ited“subsonic”disturbancesexistin the in-
viscidfluid. (Thesubsonicdisturbancesdie out rapidlywith distance
from the solidsurface.) The conditionsfor the ex$stenceof other
typesof disturbancehave not yet been establishedto this extentof
e=tness. A formulahas been worked.out to give the amplituderatio of.
inOOming@ r0f10ct43dsoundwaves.

It is foundin the presentinvestigationthatwhen the solidbound- - --. ary is heated,the boundarylayerflow is destabilizedthrovghthe chain@
in the distributionof the productof densityandvoz%icity,but stabi-
lized.throu@ the increaseof khematic viscositynear the soZidbound-
ary. When the solidbound&y is cooled,the situationis Justthe

The actualextentto which thesetwo effectscounteracteach
—

reverse.
othercan onlybe settledby actual computationor somo approximate

.—

estimtes of the minimumcriticalReynoldsnum’’er.This questionwill
be investigatedin a subsequentreport, -..

Fart 1S1 dealswith the stabilityof laminarflows in a perfectgas
with the effectof viscosityincluded, The methodfor tie numerical
computationof’the stabilitylimitis outlined;detailednumerical.cal.-.
‘culationswill be carriedout in a subsequentreport.

.
L

..—

11’ilROIIJCTYON
.-

.

.

.

In a recentpaper (refe&ence1), one “ofthe presentauthorshas
clarifiedthe theoryof the stabilityof two-dimensionalparallelflows
ina homogeneousviscous incompressiblefluid. The experinwntalinves-
tigationsof,H.L. ~dGn, G. B, Schubauer$H. K. Skramstad(reference
2) andH. W. Z&epmann(reference3] agreewith the calculationsMde by
Tollmien(reference4), Schlichting(referoqce~) and thosegiven in the
Mmr quoted(reference1). Becauseof the increas~ngimportanceof
phenomenaof gas flow at high speeds,it seemsnaturalthat tho hzv6sti-
gationshould’beextendedto coverthe case of a gas, takinginto ac-
countthe effectsof compressibilityand heat transfer.

.

-7

The interestin thisproblomis furtherenhancedby the fact that
disturbancesof finiteamplitudein high-speedflows are known to have
the tendencyof buildingthemselvesup into shockwaves, It is there-
fore possiblethat insta%ilitytofhigh-speedlaminarflowswill lead to
shockwaves insteadof turbulence,zAlthoughan instabilitytheoryin-
volvingonly smalldisturbanceswouldnot be able to settlethispoint,
it at leastpavesthe ~ to suchan investigation.

.
‘Thispossibilitywas firstpointed.out to the authorsby Doctor

H. W. Lie-.
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The presentreportis concernedwith the stabilityof two-
dimnsional laminarflowsof a perfect~as, subjectto smalldisturb.
SXLCGS. The chiefemphasisis placed.on the case of the boundarylayer.
It is hopedthat the resultsmay throwlighton the generalfeaturesof
the relationof compressionwavoswith the boundarylayer,that it- be
kno~h(>wthe stabilttyof a boundargl~er is affected by the free ,
streemvelocity,and.by the thermalconditionsat the solidboundary.

—

As in the incompressiblecase,oQy smalltww-dimensionalwavy dis-
turbanceswill be considered,Unfortunately,thereis no rigorousproof
in the presentcase that thesedistu,rbancedare mre unstablethan the
threcwlimensionalones, But the resultsof the incompressiblecase to-
getherwith somephysicalconsiderationsseemto justifysuch a treatmmt,
whichnaturallysimplifiesthe mathematicalanalysisto a largeextent.

One essentialdifferenceof the presentproblemfrom the instabil-
ity problemin an incompressiblefluid is the presenceof appreciable
interchangeof mechanicaland heat energies. Anotheris the fact that
the flow velocityis of the sue orderof magnitudeas the ve~ocityof
sound. The presentinvestigations,however,revealthat tho chiefphys-
icalmechanismis not changea. That is, the stabilityof two-dimensional
parallelflows dependsprimarilyon the dd.stributionof an@lar momentum
of an elementof the fluid,and on the effectof viscousforces,but not
directlyon heat conductivity.The viscousforcesinfluencethe stabillty
of the flow both in buildingUp the disturbanceby increasingthe
Reynoldsshearstressand in destroyingthe dlsturbaaceby dissipation,
(Cf.sec. lk.ofreference1.) In the presentcase,however,the angu-
lar momentumOf a glvonv~l~ Of the fluid dependsupon the productof
densityendvorticit~, Thus, the gradientof this produbtplays the
samerole as the curvatureof the velocityprofile (gradient Of Vortic.
ity) in the incompressiblecase. Moreover,sincethe msgnitudeof
viscosityvarieswith temperatureacrossthe flow, thereis an uncer-
taintyin defini~ a Reynoldsn~ber yhichwill properlyUscribe tho
stabilitycharacteristicsundervariousconditions. It is concluded
from the presentinvestigationsthat the viscositycoefficientin the
neighborhoodof the solidbound& is important. This tendsto.justify
the processof Allen and Nitztierg(reference6) in estimatingtho criti.
Cal Reynoldsnumberfor the boun~ ~~er of a compressible-fluia,so
far as theirtreatmentof the viscositycoefficientis concerned, They
have,however,neglectedthe effectQf the distributionof emgular
momentumin the fluid.

It is found in the presentinvestigationthatwhen the solidbound-
w is heate~,the boundarylayerflow is destabili%d thr ugh tho e——
changeof ~stributionof angularmomdtum, but stabilizedthrou@ the ‘
increaseof ki~tic viscositynear the solidboundary. When the solid

—.

3
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boundaryis cooled,the situationis justthe re~crse. The actualex-
tent to whichthesetwo effectscounteracteach othercan onlyho eettlcd.
by actualcomputationor someapproximateestimatesof tho minimumcrit-
icalReynoldsnumber. Thie questionwillbe investigatedin a subse-
quentreport.

The transferof’energybetweenthe mean flow RXKIthe disturbanc~is
also somewhatdifferentfrom that in the inco?nprcssiblecase,becauso
the velocityof soundis finite. When a disturbanceis beingamplii’ied,
ener~ passesfrom the main flow to the disturbancenot only to mppl.y
the increaseof energyof disturbanceinsidethe boundaryl~er, but
also to supplythe energycarriedout of the boundarylayerby the dlFj%urb_
ante. For a dmuyed.disturbance,the oppositein triie.Z?orsupersonic
flows,thereis also the possibilityof ener~ t,raneferfor nemh’aldis-
turbances. The ener~ is carriedintothe boundarylayerby an inco~
wave and.outof it by em out~oingwave. These two wavesare g~no@l3-
prosen’tsimultaneously,and the situationmay be describedae a reflec-
tionwith a changeof amplitude.

From the behaviorof the disturl.antesoutsi?lthe boundarylayer,
theyare classifiedas “subsonic,”“sonic,”and “supersonic”disturb-
ances,accordingto whetherthe phaeevelocityof the wavy disturbamm
in the directionof the free streamand relativeto en observermoving
with the vslocityof the free Qtream,is below,equalto, or above the
10Cd.velocityof eound.

The methodof analysisused in the presentreporti~ very sim$lar
to thatused in the incompzwssiblecase. Indeed,an attemptis made to
establishresultsanalogousto thoseobtainedin that case. E&all U.S.
turbancosare considered,whicham analyzedlinearlyintonormalmodes,
periodicin the directionof the free stream,and theseare thentr-ted
separately.The normalmod~smey be -cd, neutral,or self-excited
oscillationsin tires.For a givenconti%ion,the main flow is umtable
if any one of thesemodes is self-excited..T/hen the dlsturlmnce &-
becows so largethat it can no longerbe regardedas linear,tlno
presenttheo~ ceasesto ap@.y. But it = thenbe eicpected‘tatturbu-
lenceor shockwave will be precipitate@by the nonlinwcreffect.

—

Referenceshouldbe made to the work of 6chlichting(reference7)
andlifichemann(reference8). Schl.iehti~wm interestedin the stall-
lizingor destabilizingeffectof gravityand temperaturegrmiiont.But
he neglectedthe interchangeof mechanicaland heat energies. In aero-
_cal problems,the authorsare not particularly,intersstedin the
effectof gravity. However,in the generalmathematicalinvestigation,
the inadequacyin Schlichti~tstlmbu.entalequwkionwill be discuwmd
(sec.2)P Ktichomanr@le 0~~ an “in.iscid”investigationof tln6stabil-
ity of the ho-LuI* l~er (yt.II of tiis report),but ho ne~lectadthe

— .—-
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gradientof temperature
sre seriousomissions.
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and the curvatureof the velocityprofile. These
Theirsignificancewill turnout in the process -.—

of the presentinvesti~ation.
..

This investigation,conductedat the CaliforniaInstituteof
..;—

Technolo~, was sponsoredby and conducted,with the finsncialassistance
.-

of the NationalAdvisoryCmmnitteefor Aeronautics. .

The authorsare Indebtedto Professor
visingthe work Ud to ProfessorsClerkB.
theirinterestand”discussions.

Theodorvon I&n&n for mqxm-
Milliksn and H. 5. Teienfor
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SXCSTOF SYMBOLS .-
..,
Charac- “’ --
%eristic

Dimensimal quant!.tiesDimensionlessquantitiesm~~s= .

Positionalcoordinates.
-.=
,:

(1) X* x 2

(2) Y* ‘ Y 2
. -.

Time

(3)
‘*t t 1/$ .—

-:.:

Velocitycomponentsin the directionsof the x- end y-=es, rosyecti’vcly ..
-.

%.1 La(x - Ct) ““
.,

(4) u*=ii* 4-U u= w(y) -1-f(y)e k
*

(5) =3’ +~*1 . P=w(y)eia(x-et) & : ‘v .-

.
.:.—

—

—

.—
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Charao”
teristic

Dimensionlessquantities measure .—
7Mw3nsionalquantities

Components

(9)

(lo)

of’stresstensor

2*
??O

.-

* -* *!

‘X?= TW+TXY
t

‘XY=TXY-+TW
* - *- *t

‘YY=TYY+TYY
:

‘YY=TYY+TYY(11)
——. -.~

Densityof the gas

m(x - Ct) -*
P(r) + dy)e Po

.-

.
(12)

*1
P*=b* +P

.
.-

I?ressureof

(13)

J

—.
# .-

Temperature

(14)

of the gas
.—

**
T*U T*+T ‘1(y)+ e{y)eia(x - Ct)

i: .

(

.

.
Coefficientsof viscosityof the gaa

..-

(15)

(16)

,.

V2(Y) + q2(y)e
ia(x - Ct) -:’

wl@

.—

6!,

.
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Dkmxmional q~ti.ties Di?lmlsionlessQlantitios
.-

Thermalconductivity

(18)
*t

k*=~*+k 1
~ I%(Y1-f-~k(y)o

ia(x - Ct)

1: =0
Cp ii:. ,

. ....---.—

Wave numberof the Msturbanco
.-

.

, –-—- i
2

.
.

Phasovelocityof the disturbance

. ..x-

%(20) c

sp(3CifiCheat

(a)

Syocificheat

(22)

at constantvolumo ,.

..

Cv 1 Cv

.
.—at constantprossm

*

..

.

CP % “ .:_7

Gas constantpor gram —

@3)
—

R* Y-1 %.
*

.

Acoelorationduo to gravity(in tho nogativodirec%ionOf tio y-=!s) _______ ~—
2

.</2(24)

7
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.
Dimeneionlossquantities——

Froudenumber
.

(25)
.

. (26)

\
Mach number

.
(27)

.
e Prandtl number

(28)

.

,

G —3? .= .-.“. :
—.

-’k-*.-%
R = Pouo7./ILz~

.—

-.

.-

RQw2E: For the case of the boundarylqfer,the boundary-layerthick-
* ness 5 will in generalbe takento be the charactersticle~th; .for

somepuryoses,the displacemzmtthickness ?51 will be used. A bar over

a quantitydenotesaveragevalue,a dash denotesfluctuation;and the
. subscript( )o denotesfree streamvalue in the case of the boundary

@yer. The subscripts and “~ denotethe real and imaginaw
partsof tiq~tity, res~rctivel.y. -— —

.

1 -GENERALTEEORY - “ .+

* 1. The GeneralEquationsof Disturbance ..—
.

.
* The generalequationsof dlsturhnce for a perfectgas which is

flowingparallelor nearlyparallelto a’givendirectionwill now be de-
.—

rived. As hhs been explained.,only two-dimensionalmotionswith two- “-” ‘“””“
dimensionaldisturbanceswill be considered. -—

.

8
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With the systemof notationexplainedabove,end with positivey-exis
-pointip~verticallyupward, tho gcwmralequationsfor two-dimensional
motionof a yerfectgas mqy lm writtenas follows:

(a)Equa.ttonsof motion, .—___ ___

au* a’ .k* 1 a7>+a&—- +u*— + Q“
(

_= _._. .

at* ax* %“ P* ~* b“
)

.

(1)
.

(b)Equationof continuity,
,+—.__.

(3)

(c)Equationof energy, 1
, — .,

.

.

.

‘ZNii’wjx!+),
(d)Equationof state,

(4}

.
.

● In theseequations,E&, C%) efy are the componentsof the rate-of-
straintensor,end ?~, ~&S T&

*
are the componentsof the stress

tensor. They are d.efined as follows: ,,

9
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*

‘w “

‘L=-p*.+’

The coefficients
heat conductivityk;

(6)

(7)

of viscosity v: and. v: and the coefficientof
are essentiallyfunctionsof temperature.

.-
Hence, ‘ ._

thereresultsa sysl&nof five differentialequationsfor the five
%riables P*, ~, P*Y U*, V*.

Considera mtion which is slightlydisturbedfroma st%adystate.
Then it is convenientto separatew qutitY Q*(x*~Y*J ~k) int”a
steady-statepart 6* (x*,p),

—
and a smalldiaturb=ce Q**(e9 p) t*) .——

Q*(x*,y*, t*) = 6%*, Y*) + Q*l(X*>”Y*~t*) (8)

By substitutingexpressionsof the type (8) for each of the variables ‘- .’
into (1) to (i’),rememberingthat the steady-s$atiparts satisfythose
equationsby themselves,and.,finally,neglectingtermsquadraticin
the smalldisturbance,the followingsystemof equationsof disturbance

-.

is arrivedat:

10

(9)

.
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.

.

.

(I a;
=— —+

ii’ ax*

av” ‘ ..av”

&* );~’,( )** -*
P al-q $;

-— —+—
-*2
Q ax* &*

(10)

. .

.
.

(
“*!

~‘ ai* -++a-T* -* a-i*)(=a ~*a T *t a-;
+Cvp —+U —+v —— +k—

at’ ax’ b’ &* ax’ ax’ )

‘

(12)

*

.—.-

.-

(13)

●

—

where .

11
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.

.

.

.

-.

.

.

.

.

.

.

w

. . ,- .- .—

,+.1 ()&l*’ *“’ 1 au*’ av** *t &’ ‘
~ (14) ..c—xx= %=-

—+— -

ax’ ‘ 2 & ax’ ‘
%=

#

(/*!,+ I%! )( x’ * &* )]-l.r—— ~
ax’ #

.\

.-

—

I%rther,this investigationwill be
-parallelor nearlyparallel. By nearlyparallelflows is &ant flows
where the boundary-layerapproximationis applicable.“Thus,if the main
flow is nearlyparallelto the x*-axis,

r.

restrictedto flowswhichare

.-

.-

.-
t3.6)

.
12
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(Relationsof this type,of course,do not hold for the disturbsmces.)
By consideringonlya Localregion,sw around x* = X*O, and introduc-
ing the toruwiary-layerapproximation,the f~$w is regardedas essen-

tialtiparallel,with everymean quantity Q’ eval~ted at i-i= ~Roa” “~
Thus,for parallelor nearlyparallelflows,the diffe~entialequations
of disturbancedo not contain x* and t* explicitlyand an attempt.
may be made to find solutionsof the type

. ._

Q*’(x*)y*~

Indeed,everyquantitywill

t*) = q.* (y*)e J(x*-c*t*)

be re?lucedto a dimensionlessform in
accord&ncewith the schemelisted(Listof Symbols);for example,

.)$ 1
E*(y*)= ii:w(y), u =ii~ f(y)eia(x-et)

(1;).—.—

(18)
.=

.—

For the present,the additionalrestrictionof uniformfree stream
velocity tl~, temperature~~j and so forth,till be retained. Then the
fixlaldinlel-leiokle.q.q:emdlinearizedequationsfor the amplitudes6f mall
disturbancesm a parallelor nearlyp

—,
arallelmain flow are as follows:

.

-=”’ {-f+‘4*@.12

3R . .

. .-,
..—

-.. ,

(19)
.- —,

. .—
—.

13 —
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“2”{’(W-‘)’}“:=;’!+?” ‘ ‘f’-a%} -. .—
. ..—

.. +_..- .—..—

a~ V2 - U1
+——
3R {

‘V’’ +if’
}

...
.

+E{ilnlw~ + 2&’ -1-
}

;(P2- k) (9’+’.’) “- (20)
.——

—---

.

i(w - C)r+p(q’ +if).+p’cp= o (=)

.

● w
{

i(w - C)e +-Ap ) =.a(y - l)PT(q’ + if)
. ,

. ..._. —— = ----

->-—.
:. . . . ___

. Y {( It
+—
Rcro L

Mle - a%l)+ (mlT~)~+ Jet
}

.,

{

(7 - 1) @ ~lwt’+7— + 2Mlw*(ft+ ia=cp)
}

(22)
R

.

dimensionless

7cre-.=-+—
PPT

(23) . —
..*

-.

.—

equationsfor mean quantitiesshould- The followingtwo. alsobe noted:

. Equationof state,.- ..
—

(24)
.—
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.

Equationof staticpressuregy’adient

7M2
P*=— P

,across the boundarywer,

—

-—..-. —
●

In all theseequations,and in all subsequentequations,a dash denotes
differentiationwith respectto the dimensionlessvariable y, and
shouldnot-beconnectedwith the idea

.
of a fluctuation.For &smple,

dT &y

——

(26) ““ “-

. while the“fluctuationml is givenby .-

.

.[27)
(IT

Note that in (18)a characteristicvelocityhas been used as the
referencevariable. This stressesthe role of the inertialforoes. In-

. deed,the simultmeouscomparisonof the inertiaforceswith pressure
and gravitation,as embodiedin the Mach number

.

.

.

. and the Froudenumber. \
.
.
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makes it difficultto considerthe limitof smallinertialforces
ii:~ O. For in sucha limitingcase,the phenomenonis essentially
govermed.by ~ressureand &ravitationalforces,which both becomein-
finitelylargeco~ared with the referenceinertialforce. In aero-
dynsmicalprd%lems,however,this limitingcase is not of’Wporkancei”

—

Mathematicallys-peaking,a sin@arity is broughtinto (20)if the.
neighborhoodof F = O is considered..Thus, it is possibleto study
onlythe case of a smallMach number. The limitof vanishingMach num-
ber end vanishingFroudenumbercsm be consideredotiywhen r = O.
These statementswill becomeclearerafterreadingthe detaileddiscus-
sionsin section3.

To studythe case of an extremelylarge
hand, it wouldbe more convenientto use the
ues of pressure,density,and temperature as
ratherthan the free stresmvalues.

.

Mach number,on the other
stagnationor “rest”val-
characteristicmeasures,

—

2. AnalyticalNatureof the Systemof Equations

of Disturb~ce and Zts Solutions

The systemof equationsof disturbance(19)to (23)consistsof
five linearequationsin the five variables f, q, a, r, f3, with p,

—

P, T, W suypose@lyluxmnfrom the steady-statesolutions.Before ‘-”-
applyingthis systemto any definiteproblem,it is necessary to bow
clearly its analyticalnature;for example,the numberof sets of lin~
earlyIndependentsolutionsIt possessesmust be lamwn. It t8 dJ30
desirableto Wow the generalanalyticalnatureof the solutionsin
the variable y and in the parameters M=, Fz, R, a, S@ ~. ~ ~1
thesediscussionsof sn@ytical nature,both the variable y and the
parameterswill be regardedas complex. -—

To settlethesequestions~it @ convenientto choosea numberof
new variables Zl, . . ., & and rewritethe systemintothe fozm

(28) ““- :

where A~,
involvethe

are @own functions of y. Since (19),(20),and (22)
secondderivativesof fj CP) and 6, it seemsdesirable .-.—
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six dependentvariablesas f, g, G, ft, g’, e’. fi
eqyationscan be set equivalentto six equationsof”the
r and x are supposedlysolved-algebraicallyfrom (21)
is seen,therefore,that the systemof five e@ations (19)

to (23)is actuallye~uivalentto~ homogeneouslineardifferential
“ equationsof the firstorder,and thereare six linear3yindependent

solutions.

. However,this choiceof the dependentvariablesis not satisfac-
, tory, It leadsat once to the suspicionthat the solutionshave

singularitiesat the point where w = c. For, in solvingfor r from ,
(21)asi-ritr isintroduceainto tie coefficients~J(Y) of the
system(28). Physically, the solutionswmnot have sucha singularim ,‘-
for realvaluesof y. Hence,it is necessarythat sucha sing.tirity
le onlyapparent. Indeed,this cmbe shownto be trueby a new ckLoic@
of the dependentvartables.

—

To he more precise,let it be assumedthat the knownfunctions w,
-.-.— .—. ...._

1
P) p, T are analytiofunotionsof y and of the yarame.tersF, —.

-P
Thesefunctions~ be regardedas independentof the Reynoldsnuniber
R, when the characteristiclength Z is properlychosen. ‘I?Iisassum&
tion is relatedto the bcmxviary-lererapproximation,and is therefore
accurateup to the same crder. For exsm@e2 f-orthe Blasiusprofile,it

is accura@ up to the orderof (R5)-ti2, & being the thicknet3sof the
boundaryl~er.

.

.

.

●

.

.

.

Now choosethe systemof dependentvariables

Then,at once,

#

21 = f, Z2 = ft, ~.ql

\ ‘(29)

2.4=: % s e, Ze = et

M?
J

----(30)

J-7
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The equation(23)becomes —.
..—

~ Zzr= ~M4 ‘Z,“T5 (32)

.

whichmlses it possibleto eliminatethe variable r withm.ztincreasing
the orderof’the differentialequationsandwlthout intro~uci~tany
Singularity.Then from (19),(21),and (23~,solvefor Z z, Z S, and . -
z 63 which,when reducedwith the hel~ of (30)to (32)are equations

.—

Or the type (28)tith AiJ(Y) regular in both y add the parameters.
.-

The equationfor Z~ is .- .——
., .—.

(33)
—

but the othertwo equationsare too lengthyto be writtenout explicitly.
They are of the followinggeneralnature: —

.-

az* ax
—=—

w {[
p i(w -

1“)
C)zl + w’% + IZ4 +, o(1)

M ..-—

aze tsall

F=7Z {[
yp i(w -

1
C)Z5+ T’Z3 .

---- ! —.,-. --. —

--
-—

[
- (7 - 1) 1)’Z3- i(W - C)M2Z4

1}
+ 0(1) (35)

.-— —

where 0(1) denotesa linearfunotionof Zl, . . . , Za which is Of tie
orderof unityin the prams ter R and is regularin the paraneter M?. ‘

18

.-
- .
. .—

.-
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.-
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must be obtainedfrom (20)in a

slightlydifferentmanner. It is necese~ first to eliminate

using (33)and then solvefor x‘ = M2Z~. There is obtained

.-. . ..—

(36)
,.

—-.

, .

where0(1)has the samegeneralmeemingas before. It is no~d, that the
last step is the only ~vision involvedin thisprocessof elimination.

. Thus,unless
.

.

,.

.

&

>.
.

.
.

(37) ‘ ‘-

(which iS not
tions (30)to

possiblefor \R\ >>1), the systemof differentialequa~
z%) is -regular in y &nd in the’parmneters. But since

the refil&ity breaksdown for Infinite R and for R satiafyhg (37))
any expansionof the solutionas a power seriesin R must he in the

form of Laurentseries.
L

In the parameters~ md W) we Coeffi-
.. .

cientsare entirefunctions;in the parameters a and cj they are ““‘--:
analyticin a regionincludingthe origin.

From the generalexistenceproofof the solutionsof’lineardiffer-
entialequationsby means of successiveapproximations,it is clearthat
thesepropertiesof the coefficientspersistin the solutions. That is,

thereexistsa fundamentalsystemof six solutions Zi(y; M2, l/F2)

R, a, C)(I=l,’2, 3, k: 5, 6~vhich are ana~tic functionsof
y and of the parameters. ——+...—

Now considera few limltingcases: (1)w +0, (2) l/fi+o,
(3) R--+&. As di~cussedat the end.of section2, if @aO by
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makingthe velocity n: + 0, then F2 and R “approachzero at the

Ssms time. This is certain2ynot what the authorswish to discuss. Rath-
er, they are thinkingof $he solutions z~ as eqanded in power

seriesof the psmmeters, say,
.

.——._
-T .--— ~ ---—_:.

‘(o) ““ 1, R ~, ~“”Zi(Y; M2, -& Rs % :)=zi (Y; — Y

F2 F2 )

—. .:._

2 (L)

(

lR+MZ1 y;— a,
)

C+.*.
F2’ s .

and retainingonly the zerothor&r termas an approximation.This ‘--
processis valid so long as & is sufficient~ smallcomparedwi~
unity,whileboth F2 and R are of theirusualmagnitudes(nsmely, “-
much largerthanunity)..For conve~ence, the mathematicalprocess
M2 -+ O ‘willstillbe preserved. But thismust not be confusedwi~ ,.
any physicalrequirementthat ii:-s O or ~~—> “~, the latter “‘“- ““. -
being in contradictionwith the equationof state.. The limitingcase
R -+.~ is an asymptoticapproxtitionand will be dealtwith more
carefullybelow. —.--— ..-

*

(38)
.

.
(19)

.

Case (,1)W +0, With the rela~ion(24)in mind, the equations
.———.— _ _

to (23)become (O = X/?’M2)
—
—

{
q i(w - ‘ ? “ fir+~q,cp’ - ~)

{
C)f+wcp =icKD+—

* J R }

‘J’ [-f+“’}a’%+’l;’‘“’W’+“;(”+‘-’l+2v2-

3R

-.—

(39)
—.—

.
. —

.20
..—

—.
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.

(M). -–.. .-
-—-

I --

i(li -
(41)

C)r + P(qt+ if) +,P’p = 0

—
.

J- 7
.

Ctp,i(w - c)O i-T’(P
J

= -a(y-i)pT(q’+ if) .:,=
. .-.~

.-

{
+ ~ d’ - }a.2G)+ (ml’lf)t+ I-tie’

Rao .

0 ~+:=—
P

,- (42) -.--,_—

(43) _ -
___

.

The fact thatequation(25)reducesto p’ = O inticatesthat the ~av-
itationalfor~e Is importantin theseproblemsonly i.nsofar as the

.—

buoyancycorrespondingto densityfluctuaticmsis concernedand not in .
connectionwith the determinationof mean density&lstribution. -—

#
This set of equations(39)to (43)

Schlichting(reference7), who neglected
eludeddensityvariations. In his case,
incompressibility

is differentfrom thzt used by
temperaturevariationsbut in-
(42)yieldsthe conditionof

.—

(42a) .._,,. cp’+if=o
.

and (41)becomes
--

.-~

(41%) . .1(W - c)r + p’q = O ....-:-
-+

22. -- .-

—
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.

He also made certainothertinorreductionsin
tificatiorof Schlichtdngtsassumptionsis not
completeeqqationof disturbanceIequation(11),p, 319,refe~ence7).
has a singularityat the pointwhere the phasevelocityis equalto the
mean velocityof the flow. This givesrise to multiple-valuedsolutlone,
to which It is difficultto assl~ a proper@ysical Interpretation,

Reductionto the equationof Orr and Somerfeld for an homogeneous
incompressiblefluid.- This simplecase is obtainedfrom the limiti~ .

.._

case of zeroMach muiberwith the additionalrequirements-thatthe mean”
pressure,mean temperature,and mean densityare constants. Thesecon-
ditionsc% hold only in the case where thereis no conductionof heat
acrossthe boundaries. Otherwise,theremust be a finitetemperature
gradientat the boundary. When p, p T are constants,indeed
P =p=Tsl~ thev the equations(kl~ to (43) give

.
9

.

.

i(w - c)r + (~’+if) = O (44)

.

r+O=O
~45J .-

. .

. ..—

iU(W -c)e= , ~~—p30(e” - &e) (M) -
0 .“

.,—

.-L. . . ..
----

—

Multiplying (46) by e, addingthe correspondingcomplexconJ~ate, and”
integratingbetweenthe bo~tiri.esalongthe real sxis of the y-plane
gives .

.*Y2

—

Y2 .

riiZ(@ + CfIwoc+lo) e 2dy = o

.
._’ -

am> +1.
—

= o at hotk lmundar~ec..~h~~a.the
ml.utionof (46)is not identic~~~-ze~oonly when -

=.
—-—.‘ .--.——=- .e

. .-_.._—..:_. ~
. .-

ci~- %0/0$ , (47)

.—— __
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Thus, if themain interestis in the limltof stability (ci changing
sign),only the solution e = O need be considered.Then r.o by
(45), and the equation(44)reducesto

.
q’+if=o

.. J

(44a)

The equtions (19) and (20)thenbecome

ia(w - C)f + aw’ql= -iam+:(f” -c@f) 1
R

I

(48)
..

iaz(w- L (q” -~w)C)q)= .0’ +—

Eliminatingo from
(44a),the equationor Orr

Case (2) F2 m.

theseeq=tions end then substitutingf from
and Sommerfeldis ol.#ained.

In this case,all th~ equations(19)to (25)
remainunaltered.,exceptthat the termsIn l/F? shouldbe droppedfrom
(20)and (25). This is the casewhtchwill be discussedmore in detail.

Case (3) R -?-e, In

r

this case,the

‘)C)f+w(p,=

J

equations (19) to (23)become
—

ix-— (Ug) _____~,M2

at;r--—
7M2” &

.

i(w - C)r + p(q)’+ If) + p’cp= o

23

(%)

.—.— -

.—

(51)

. . . . ___



.
.

—.

.-

NACA TN No. 1115
—

--

--

.

.

.

.

.

.

.

.

{,
c) 6 + T’1+ -(Y- l)PT(P’,+ if)p i(w - -(52)

(53) “’

The equations(24),(25)remainunchanged. It is to be not~cedthat the
ordersof the differentialequationsare reduced. This ie consistent
with the fact that the solutionshave an essentialsingularityat
R = m.

.-
,.

After the divination of f, n, r) et the final ~fferential
equationfor q reads ._—~

—
(54)

—

where L (q),fs a lj.~arexpressionin ~ involving P; and q).

-we boundary-valueProblems.- For a givenp@cical yro~lem~there
are usuallyassociatedcertain”boundaryconditionson the &isturb&ce.
For exsmple,for flow betweenfixed.parallelplates,the velocitydis-
turbancesmust vanishat theseplates, Also, if theseylatesaye
insulators,the temperature~a~ent must be zero● ln ~eneral~.‘hero-
fore, it nqy be expectedthat six boundary‘conditionswI1l be satisfied;
Sincethereare six homogeneousli~ar clifferentialequationsin ~
variables,thereis a characteristic-valueproblemif the boundarycon-
ditionsare also homogeneous.~t

-. ..—

., —

—---

.—_.-

--——

.—

._

“represent a comyletesystemof six solutions,and let the boundary
conditionsbe

.-

24
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}

.-

~~h, %,.... Ze =Oaty=fi, k=l, 2, ..., 6 (56)
.

1

where Lk is a homogeneouslinearfunction. Then if tie ~lution is

z~ = I“6Ajzij(d i= 1,2,...,6 (57)

j=l .

thereresults

—

——
—

Hence,therefollowsthe secularequation

L@@,
J-
_, R, a, c) =0

IF

where

j,k=l,2, .,.)6

If equation(59) can be solvedfor c, thereresults

(59)

.

1(60)
.

..
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.
.

.

c (=Ca, R, IF, 1

-F )
—

. For realvaluesof a, .R, & and l/#, it is converxtentto split
(61) into its reed.and imagina~ parts,

. .

.

.

.

.
.
.

(61) .

(Cr = Cr d, R, M2, 1
F )

(
1

Ci = Oi a, )R, M2, —
P

The condition ci = O gives the limitof stability.

For incompressiblefluidswithoutthe effectof
curve ci(ajR)= O in the a,-R p@ne. .Here, it has
seriesof valuesof ~ and l/F .

Continuouscharacteristicvalues.. In case one

(63)

\ .;

gravity,plot the
to be donefor a .—

of the conditions —.
( 56) is absent(cf.the case of “supersonicdisturbanc~”ina boundary
lsyer,sec. 5), nb suchrelationas (61)exists,and a solutionsatisfy-

, ing the remainingfive bounda~ conditions(ariacertainotherconditions
of boundedness)can alwaysbe found. ‘This is the case of “continuous
characteristicvalues.” The physicalsignificanceof such solutions
will be discussedas the case-

. 3. Solutionof the

,byMethodof

turnsup.

Systemof DifferentialEquations

SuccessiveApproxinmtions

The exactsolutionof the systemof differentialequations(19)to
(23)or rather(30),(31),and (33)to (36)is almostimpossible.With
the appearanceof the smallparameter l/aR it seemsdesirableto use —

the mthod of successiveapproximations.The generalplan of solution. will be exactlythe sameas in the case of an incompressiblefluid (I&- “ -
erence1). Two methodsof solution
vergentseriesand the secondusing

are possible,the firstusing con-
asymptoticseries.

26
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(1) Solutionby means of convergentseries.- In the firstnwthod,
introducethe parroter

.-

(64).>

. .

and the new variable

q = (Y- YJ/E where W(7C) = c (65).

●

The equatibns(30),(31),and (33)to (36) then take the follo~% fo~:

.

—

-..

(67)
aq

.

.

, .—- . . -

azz 1
—= ~ (-p i(w- C)ZI+W’Z3 + iz4]+ co(l)
dq c pi!. [ 1

-.

.

.—. . —
.— ... —.-
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.

dz=

[
=: [oi(w-’c){5+T’~~ ciJl’- .1 ,=..—-—

.-

..

. .

.

.

(70) ““ :
.-.— ._.-

, .,

.
The averagequantities w, p, T,. and so forth,are to be regarded.as
expaadedin T~lor cs seri~sin the nei@b~hood of w = c; thus,

-. ,

P =Pc+p:(cq) +..., etc.
.

(Ingeneral,attachthe subscript c to denotequsmtitiesat the criti-
cal layerwhere w = c.) The coefficientsof the systemof equations
(66)to (7%)are thereforeconvergentpcwer seriesin c so long as the
power series(72)are convergentand the condition(37)is not violated.
An attempt clanthen also be made.toobtaina fundamentalsystemof solu- .-

tionsas power seriesof e. A consultationof equations(66)to (71)
showsthat the solutionsshouldbe of the followingforms:

—- .-

.. .
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.

.-

. .

●

(0] (1)
Z=Z4= x4 (q) +6X4 (q) +...

(J(q)-1-. . ●Zs = Xp(q) + CX5
.

.

.

(73)

Now, substituteequation(73)in equations(66)to (71)and comparethe
coefficientsof differentpowpraof s. The initialapproximationgives

(74)

(75)

(76)

(77)

(78)

(79)

29
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.
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.

Droppingthe superscriptzeroand recalli~ the definitions(29)and
(73) gives,to the initialapproximation,

which satisfythe equations

(81) ‘ “

(82)

-(83)

where UI is the kinematicviscositycoefficient !AZ/p,and a is
the Frandtlnumber.

The higherapproximations@~nonhomogeneous equations,“whichare
too conqllcatedto be writtenout in detail. The ho o eneouspartsof

1?
-.

!~(
t o e equationsare the -as (74)to (79)with X 0 replacedby
Xn i=1,2, . ..,6). The Inhomogeneduspart consistsof functions
of lowerordersand is thereforelmown. Thus,”ifthe equations(74)to
(79)can be solved,theseequation~for higherapproximationscan all ____ ,
be solvedby means of quadrature.

If X= is eliminated from (81)by means of (82)and (83),a
differentialequationof the sixthorderis obtainedfor Xl, which
will give six independentsolutions:The correspond~ngfunction X3
and X5 can thenbe obtainedfrom (83)and (82). This is fairlytom- ‘-“–-
plicated;fortunately,the casewhere the FroudenumberLs very large
is of interest. Thus, as an initialapproxlmatlon,(81)may be re-
ducedto

the solutionsof whichare

30
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where

. .

.

.

(86)

Apparently,threesolutionsare mistiing.These can be suppliedby

x34 =0, X15=0, X1*=O (87)

The reasonthesesolutionsare not trivialwill be clearwhen the cor-
respondingfunctions X3 and X5 are workedout below.

From (83],it i.sclearthat the functions X3 correspondingto
(85)are

.

x31= - La

.

.

x32 = - la

-.
.

x
~; .+

33
()

‘-i&— t
%c

.
The functions ~ corresponding

X34= 1,

J
w (87)are

%0 = ‘~ ‘36”= 0

. ..—

(89)

Correspondingto eaah function X3, thereare two particular —

integrals X5 obtainablefrom (82). These are expressiblein quadra-
ture invol~ Hankelfunctions,for the left-handside of (82)has
the solutions

.—

x 1 fl) -2

1 1 1 (2)
56

[
= c= Hi/3 ~ (i@& x=6 = CB Hi/3 ~ (ic)k 1(90). .. Indeed,the sets of functions (xl~, X35, X55), (x~@ x~~, X56) f’o~

. two sets of solutionsof (81)to (83),and it now becomesclearthat
(87)is not triviti.

., 31
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Next,the asymptoticsolutionswill be studied,and the convergent
solutionswill be discussedlaterwhen $he boundaryconditionsare con-

—

sidered.

(2)Solutionby means of asymptoticseries.-Analogousto the in-
compressibledase,two asymptoticsolutionsare obtaine~-bythe most
naivemethodof ex~andingthe solutionsin powersof (aR)*l. In the
presentcase,the initialapproximationgivesthe inviscidequation(54)s
which is of the secondorder, The equationsfor successivehigherap-
proximationsare inhomogeneous;the homogeneouspart is of the sameform
as (54),while the inhomogeneouspart is relatedto functionsof lower
orders. Hence,the integrationof all the differentialequationscsm be
done in termsof quadratures$as so~ as (5)~)is sOlved8 ‘

Four otherasymptoticsolutionsare obtainedby putting
.

.
.

.

.

.

.,= fi exp{(a$~ W}
.,

in (30)to (36),where

(9U

fi = f[o)
+fp(am-~+ , . # , i=l,3,4}5

“1 (92)

fd ~ti)++ f~l) J+f~2)(aR)-*+ . . ● , , .fi = i = 2,6

while g is independentof (all).The initialapproxi~tionsare

I~’@=)‘} -- (,3)

(ZI,Z3jZ4,ZJ = (l,o,ojo) ew [i (c@
. .

32
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.
Each of thesesets containstwo solutions. From theseexpressions,it
appearsthat the solutionsare multiple-valued.Actually,they are valid
only for certainregionsof the complexplane determinedby comparing t,

therewiththe asymptoticexpansionsof the convergentsolutions(85)to
(9). Analogousto the incoqmessiblecase,the asymptoticexpressions ‘-. holdwhen (of.equation(5,4)of reference1) .-

simultaneously.If c is very closeto a real number,this means that
the expressions(93),(94)represent~olutionsin a connectedregion
which containsat leasta substantialportionof the real.axis. Thts

-factwill be seento be of significancein discussingthe boundary-value
.

.,J—
problems.

Similarconsiderationshold for the solutionsof the inviscidequa-
tions. These solutionsappearto possessa logarithmicsingularityat
the point w = c. As in the incompressiblecase,the asymptotic&pan-. slonsof the convergentsolutionsbringthese solutionsinto correspond-
encewith X33 and X&, and the restrictions(fi)explainthis appar-
entlymultiple-valuednatureof the solutions. —

.. — —

AnaZogousto the incompressiblecase,thereare pointson the real
axiswhere the asymptoticsolutionsfail in the case of dwed dis-
turbances. Theseare interpretedas “innerVISCOUSlayers,”where the
effectof viscosityis not negligibleno ~tter how largethe Refioldk
numberis. Consideringthe conditions(95),it is seen that thereare,
in general,four of them. For the lines

/
---L

—“.- —- . .

intersectthe real axis in fourpoints,if u is not a constantand
ci< O. These are the pointswhere the inviscidsolutionsfail. The

. fourpointsreduceto the singlepoint yc when c is real,and-there
is no intersectionwhen ci> O. Hence,the four innerviscouslayers ‘
coalesceinto one in the case of neutraldisturbancesand disappear. completelyfor self-exciteddisturbances.The significanceof thesere-
sultsfor the studiesin pa~ 11 is also,similarto that in the incom-
pressiblecase.

——

—

.-

.—.—
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4. Boundary-ValueProblems
.

.

.

.

Havingohtalnedthe solutionsin convergentseriesof E and in
asymptoticseries,the boundary-valueproblemsdiscussedbrieflyin sec-
tion 3 will now be enlargeduyon. The physicalrequirementsgive rise to
certainmathematicalconditionson the real axi”sof the complex~-plane.
In general,the boundaryconditicms.for the velocitydisturbancesare
independentof the temperaturedisturlmnces.For exam@e, for flow in a “
channelwith walls at yl and y~, the boundaryconditions

f(y~]=rp(y~)= f(y~)= V(Y3)=o (96)

must be %L~isfiedwhateverthe conditionson the temperaturedisturb- -
antesmay be. These conditionsare identicallysatisfiedbythe solu-
tions XiG and Xie., to the properdegreeof approximation.Thus, the
quantities LJk definedby (@) vanishif j = 5,6 end k= 1,2,3,4
(say). Hence,condition(59)reducesto

II‘Jk = o, .J,k= 1,2,3,4 (97)

The characteristic-valueproblemthereforedoes not explicitlydependon
—

the temperaturedisturbancesin the initialapproximation.Indeed,after
the temperaturedisturbancecorrespondingto the characteristicoscilla-
tionshas been determined,it is always.possibleto satisfythe boundary
conditionsfor the temperaturedisturbancesby includinga suitablelin-
ear ocmibinationof the solutions X55 end %6. The correspondingve-
locitydisturbancesare identicallyzeroand will thereforenot interlere -
with the boundaryconditionsimposedupon X55 and X5e. Such a situa-
tion is in mneral tke case. The cha~cteri@ic-valueproblemtherefore
becomeevery similarto that in the case of the incompressiblefluid.
Two invisciil.solutions‘f , ql,= are derivedfrom (54)and two ViSCOUS
solutions from (85)and ~t%):

As explainedin the last section,the asyn@otic solutionshold in a
conneotedregioncontainingmost pointsof the real axis excepta
neighborhoodof the point YC. Thus, therewill be no difficultyin
usingthe eolutions fl,a~%22 for the discussionof bf?undary-value
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problems. The ~ath leadingfrom one boundarypointto &other lies es-
sentiallyin the lowerhalfplane.

Now, let thesere’suitsbe appliedto the case of the bomry laYer*
Beginby makinga carefulinvestigationof the bounda~ conditions,At

. the wall the conditions
by a linearcombination
litions,&,4+ if~,4=
lutions,the refition

f . q . 0 hol~o However, f may be rgp~ced
of q) and (P’. In th~ case of the viscousso-
0, so that f=,a= W3,4. For the inviscidso-

.

. .

.

.

T& - If(w- c)w’ql,,2
f~,~ = i

!!! - M2(w - C)Z
(9

holds (~quations(49)to (53)). At the wall, w=O, and

($&a)

Thus, the conditionthat f vanishesat the wall may be replacedby the - ‘-
-..—

.,
conditionthat a linearcombinationof QlZ2,g~,4~-d P1s2 vemlshes●

Analogousto the incompressibleca~e (cf.equation(6.8)of”refer-
ence 1), the conditionof boundednessat infinityrulesout the solutions
f4 emd q~o It is convenientto take the lowerlimitof integrationin
f3 end p~ at w=. Then, these solutionsvanishrapidlyas y-m.
Thus, for y > 1, the inviscidsolutionsdaninate. In the incongyess-
ible case,the znviscid,scitntib=behavelike e*.W. The conditionO* _ ____

boundednesstherefore.leadsto Q ee-~. This is convenientlye~r&s-
ible as

. .

In the presentcase,a
However,the situation
equation

—

q)l
- + cc+O ae y -+=
~

(100]

correspondingconditioamust be establis~ed.
turnsout to be more complicate@.Considerthe . .:

.

{
A ikAkit

}
-“iv.akdcp=o

* T -M2(w - C)2 T
(101)

. obtainedfrom (54)by droppingthe term in ~~. As will be discussed

more in detailin part 11, the behaviorof the solutionsas yea
is givenby ..—--—_

—.

.
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%Y
V-e ., if’ @=a&=GJ1- ”M?(l--cp/ o .(102)

where ~ is uniquelydeterminedif a cut is drawnalongthe negative
real axis of the complex o-plane. Then it is clearthat the realpart
of @ is alwayspositiveif ~ isnot on the cut,@i hencethe solu-

tion q - e‘PY must be reJected. Thus, thereresultsthe

.$+$+ oaa y+.

This reducesto the incompressiblecase if M = O, If n

( 1)Cutc=cr<l-fi, the situationis more coqlicated.

will becomecleareronlyqf%era thoroughinvestigationof
problem (sec.:7).

condition

(103)‘

lies on the

The situation

the inviscicl

Exceptin the casd 1 ,-M2(1 - C)2< 0, the characteristic-value
* problemis thereforealmostthe sameas that,inthe incompressiblefluid.

The characteristicvaluesare givenby the detemnlnantalrelation
?-

.

ml

T~q& + fiW: C&l

T1 - M2C2

&2 + $f?h2

T&l + M2W; C921

T1 - ~2c2

&2 + $%2

—

where Q1 and g2 are any two l~ear independentsolutionsof (lOl),and

~lJ = ~i(YJ), dj = d(Yj), i,J = Isa (104)

y2 beingthe coordinateof the “edge”of the boundarylayer. Strictly
speaking,the value += shoultibe substitutedfor 72. However,for

Y> Y2? the solutionof (101)is practicallyidenticalwith #py.
Thus, it is a good approximationto imposeequation(103)for y = y2,
Naturally,the largerthe thibknessof the boundarylayeris taken,the

—.

-,

betteris-theapproxinmtioq. —

. The determinantalequationmay be writtenin the fozm
i r- - .-,

E(a,c,M2)= F(z) (105)
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where F(z) is the functionof TietJens(referen~ Ill.)-

-z
-.

z

with .—

(107)

T1 beingthe valueof q at y = yl, the SOIId boundary. The fjmctfon

E(a,c,M2) deyends

(Yl - Yc)E(a,c,M2)

The mannerin

onlyon the $n -visci~solutions,and is givenby

, . . . . .
whichthe viscositycoefficiententersthe finalegya-

tion (1o6)is noteworthy. As comparedwith the incompressiblecase,it
amountsonly to a changeof the definitionof z. By-referringto {106),
(64),and (65),it & seen that this mounts to the replacementof R by
R/vlc. This means that the Reynoldsnumberdefinedin termsof the free
streamvelocityand the kinm.waticviscositycoefficientat the critical

.

layer (insteadof that in the free stresm)is the quantitygovefiingsta-
bilityphenomena. This poht must be kept in mind wheneverit is neces-
sary to comparea case of hcmogeneo~ temperaturewith a case of inhcxuo-
geneoustemperature.Greaterdetailwill he given in discussingthe
stabilityproblemin a real fluid (pk.111).

In the case 1 - M2(1 - C)a< 0, it is possible,of course,also to
i~ose the boundarycondition(103),with p imaginary. The same equa-
tion (1o8)holds. But the generaldiscussionof the physicals@nifi-
canceof the solutionsis more complicated.It will be discussedmore in
detailin part II. “ . r

,,

The inviscidcase. In the limit of infiniteReynoldsnumber,the
the relation(106)becomes

‘?11 d2 + iw12

E(a,c,l@)= 0, or = o (109)
921 P:2 + BP22 .
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This correspondsto a solutionof (101)with the boundary.conditions

v(YL) = d, q)~(y~)+ p(p(y~)= o (1.lo)

, Considerationof this boundaryproblemgive the asymptoticbehaviorof
the’relatlon(61) in the f’o~

c = c(ct)M2) (1.11)

This will be discussedfullyIn the next part.

.
—

.—

.

.——-

.
.

—
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It has been shownthat,in the limitof infiniteReynoldsnumbers,
the problsmcan be treatedwith viscosityMglected, providedproperc~e
%e givento the inviscidsolutipns. Such investigationswill naturally
give some informationto the stabilityproblemin a viscousand conductive
fluid. Indeed,the completecalculationof characteristicvalues,in par-
ticular,of the limitof stability,canbe carriedout, once the Invisci&
solutionsare known. It is thereforeadvantageousto studythe inviecid
caseas a preludeto the actualcase,with the e~ectation that certain
importantcharacteristicsmay he obtained. .

.

.

.

II - STABILITYIN AN INVISCIDFLU13

5. GeneralConsideration

However,it must be notedthat the resultsobtainedin this case can-
not be aypl:,.edd!r.ectlyto the viscouscasewithoutmodification.Thus, if
only stable(dampedand neutral)disturbancescan existfor e,givenflow in
en inviscidfluid,it cannotbe ~oncludedthatunstabledisturbancescannot
existunderthe actionof viscosity. However,if unstabledisturbancesex-
ist in the inviscidcase,the fluw will stillbe unstablewhen viscosityis
takenintoaccount. FW if the continuousdependenceof ci on R is con-
sidered,it is evidentthat ci cannotremainless than or equalto zero
for all finitevaluesof R and stillbecomepositiveas R becorneeinfi-
nite. .-

This investigationwill beginwith a carefulstudyof the analytical,
naturalof the solutions,especiallyfor y becominginfinite. It iS
found that the disturbancetheretakesthe form of progressivewaves out-
sidethe boundarylayer. For more detaileddiscussionsof theirproperties,
it is found.convenientto classifythe disturbancesae “subsonic,”“sonic,”
or “supersonic”when the x-componentof the phasevelocityof the disturb-
ance rektive to the free~tresm velocityis less than,equalto, or
greaterthan themean speedof sound in the free stresm.

The amplitudesof thesewaves go to zero as an exponentialfunctionof
the distancefrom the solidboundary,exceptin the case of neutralsuper-
sonicdisturbances.To an observermovingwith the velocityof the free
streem,the waves~e propagatingopyositeto his directionof motionfor
neutralsubsonicdisturbances.For a generaldisturbance,the direction
of propagationis inclirmdoutward if the wave is amplifiedand inwardif
it is damped. For the neutralsupersonicdisturbances,theremay exist
both an incidentwave and a reflectedwave with (ingeneral)non-vanishing
amplitudesat infinity.

Analogousto the incompressiblecase,an attemptis made to establish
necessaryand sufficientconditionsfor the existenceof certaint~es of
disturbance.But a considerationof energyrelationsis found to be ex-
tremelyhelpful. This is carriedout in section8.

In the caseof neutre,lor
the yhysiml situationfor the

.-
...- -—. . . —.—

slight~ non-neutralsubsonicdisturbances>
.

compressiblefluidmust be quitesimilarto
o

39
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the situationin the limitingcaseof an incompressiblefluid. There-
fore, it shouldbe possibleto obtaina generalcriterionfor the exist- .
ence of slightlyamplLfiedsubsonicInVisciddisturbances,SJMLogous to
the Rayl.eigh-Tol.lmi6ncriterionfor an incompressiblefluid (sec.~b).
After sucha criterionis developed,mean velocity-t~eratureprofiles
couldbe readilyclassifiedaccordingto theirrelative,stabilityat very
largeRuynoldsnumbers,and the effectsof the compressibilityand con-
ductivityof a gas on the stabilityof l.aminarboundary~er flow can
be evaluated(sec.n). ●

In the caseof neutralsupersonicdisturbances,both incomingand ‘-—
outgoingwavesmay exist,with the amplitudesof the incidentand re-
flectedwaves unequalin general. Except in the particularcaseof a
pure neutraloutgoingor incomingwave, there is thereforeno character-.
istic-valueproblem;or rather,the characteristicvaluesare continuous,
and not tiscrete. By utilizingthe resultsof the investigationof the
energybalancefor a neutralinviscid&Lsturbance~sec.8) a generalex-
pressionwillbe obtainedfor the ratioof the energycarriedout of the
boundarylayerby the reflectedwave to the ener~ broughtinto the
boundary-layerby the Incidentwave (sec.10). With the aid of this ex-

-.

pressionfor the “reflective.ty,t’at leasta necessaryconditionfor the
existenceof a pure neutraloutgoin~or incomingwave c- be determined
(sec.10).

6. The Equatiqnof InvlscidDisturbanceand the AnalyticalNatureof

the InviscidSoluti~ns

Xn the limitingcase of infiniteReynolds
Froudenumber,the disturbanceequationfor q
ing lineardifferentialequationof the second

wniberand infinite
reducesto the follow-
order (of. (101)):

&

{

(W-c) q’-w’cp

}

= &dw...c)~

G T+12(IH)2 T

or, in the self43iLjoinliform,

:(’3-!+9’=0
.

where

-. —-J

(m?) .....
—

(113)

——
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Zhere is also the relation

‘w-c

The secohdpart of the last equation may alsobe

, = , tiww’(w+)’
T-442(w+ )2

writtena8 —

(116) —

Sincethe coefficients of the differentialequation(112)are entire
functionsof the parameter a2, the”two particularintegrals CP1 and’92
of thisequationmust alsobe entirefunctionsof a2. Seriesdevelop-
ments of Cp~ and Q2 in powersof C# are thereforeuniformlycon-
vergentfor any finiteregionof a, for a fixed valueof y, except
when y is a singularpointof the differentialequation.z

.

.

.

If the seriesdevelopment~ = ~(0)+C#q@ /.. is+ &q(2)+ —
substitutedinto (112),two particulu ‘integralsP1 and q% are ob%ined
by successivequadrature.

-—
Oi

— .J

QL (Y; a=jC> M*) = (T?+ ) z (117) =a~h~(y, c, M2)

n=o —
m .-

% (Y;a2, C, M2) = (w-c) Y amkm+z (Y>C) M2) (118)
./-.
n=o

where

YT

ha(y; C, F)’ = J’( ry(w-c)’—-$]Q —
Yx

‘-(W-C)2 “
“’ Yx

‘r

—

%~will”be shownlater’(see.~) that the poi~t.at which T. equals .-
M2(~~ )2 is only an appment
and thepoint at infinityare

‘singul.axityof (1.12).The point y = yc
the only true sing@xcities. —

-.—— .—
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In theseintegrals,the lowerlimitis takenat the wall (y = yl) merely
for convenience,.

In order that Cpl end”CP2 may be validapproximationsto the regular
solutiorx!of the completedisturbanceequations(19)to (23)all along the
path of integrationbetweenthe points y = yl and y = y on.thereal
axis,thatpathmust lie whollyin a regionin whichthe asymptoticex-
pansionsof the regularsolutionsfor largevaluesof & are valid.
The asymptoticexpcumionsof thesesolutionsfor largevaluesOf ...@ ..—

..—

73C 1./3
hold only in the rangedefinedby _ ~

<=’{(;+) - (Y+c)}<;

and -;<=. {(”+)’’?=+O)}< ; (cf. (95),.

a (Mmsequently,the path of integrationbetween yl and y must be taken

below= the point y = yc. (Seefig. l.)

%ontrary to the statementmade by Tollmien(reference4), the proper
pathmust be takenbelow the point y = yc regardlessof whetherthis
point liesabove,on, or below the real axis. This question,which~s
been responsiblefor a certainmount of confusion,was finallyclarified
recentlyby C. C. Lin (reference1).

.
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It is now possible% definea regionin the comp~x y-planein which
. the solutions ql end qz are everywhereanalyticin the variable y

and the parameters %, c, and ~. Considerthe slmpl.yconnectedregion
Rt which includesthe end-points y = Y1 and Y = Y2 hut n@S;hei$;~-
hr) poiht Y = Yc (fig.2). ‘Theregion Rr m the region
neighborhoodof the point y = yc can be made mutuallyexclusive. Pro-
vided ~(y) # O in the range Y1 < Y < Y21 the relation c = w(y) mpfl
the regions R( and S! in the y-planeinto the mutuallyexclusivere-

“ gions R“ end S“ in the complexc-plane. .-
.-

E “y is now restrictedto Rt and c to R“, the coefficient~of
(lM~~Wmal.Ytic functionsof the variable y and the parameters a2,
c, and the solutions Q1
tionsof (fl,~, C, M2).

and ~ must alsobe analyticfunc-
So far as the characteristic-valueproblem

is concerned,the%nalyticity’ofthe solutions 91 and % in a s@P~
connectedregionenclosingthe boundarypoints YZ and .yz is assured.
Unfortunately,this argumentfailswhen c = OS ~eca~e the s~w~
point y = yc, w = o coincideswith the point y = YZ at the Solid
boundary,and the regtons R~ and S’ cannotpossiblybe mutuallyex- “
elusive. This specialcasewill be discussedbrieflyIn sections9a and
9b..-

.

7.

Their

.

—

FurtherDiscussionsof the AnalyticalNatu&eof the Solut~ons; ‘

Behavioraroundthe Singularl?ointsof the DifferentialEquation

Althoughthe analyticalcharacterof the solutions gl and qZ in
the region R is of great importancefor the characteristic-valueproblem,‘
thebehaviorof ql and T2 in the neighborhoodof the s~-~ties of ._
(112)is equallyimportantin the investigationof the physical~gpanism _
of instability.

(a) Si@arity at the Point w . c:

the ~oint y = yc
—

in the complexy=plane,is a regularsingularityof the .._=

differentialequation(112). Since (=) and T’ are malytic functions
of y everywherein the finiteregionof the complexy-plane,theycan be
developedin T~lor;s seriesaroundthe point y = Yc (w = c), as follows:

.
43
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W43 = w~c (Y-%) +Wgb+o)’+c . .
.

-. —.—. .
.

Tc”
T = Tc + Tct (y~o) + ~ (y-yc)2+ . . .

●

(122]

Upon substitutingthe seriesde,veldpnents(121)and (122)into (112) two
linearlyindependentsolutions gl $end Cp2 validin the vicinityo the
si@Ol? pOfi% y = y= are obtained:

(p= = (y-yc) g(y-yc ) (123)

2

92 = I?32(Y-YC) +
‘& [;(:)]%. ~

q~ log (Y+c ) (X24)

where gl and & me ~~ic f~ction~ of (i - YC), U2, c and @,
and gl (0)=Wct # O, & (())= Tc/wci# 0. These two solutions must
be subjectedto the ssmerestrictions(95)as the solutions(117)and
(~). Consequently,in passingfrom RZ (y - yc)>0 to Rt (y - Yc)
<O, the correctpath liesbelow the point y = yc, and the proper
analyticalcontinuationof (E4) for (y - yc)<o fsl

Q2 “ 82 (Y-ic) +
:3{;(:)} ,X !10./ Y+cl -f.} (J@dc’ “-

-.

—

..—

—

.

For the physicalp~oblem,of course,only the propertiesof the
solutions cpl and QZ along the real axis are important. E Of>o
(sqplif ied disturbance) the point ~ = yc lles above‘thereal axis,-a&i
the solutionsare regularalongthe real axfs. -Znthis case,the effect

~ ‘~ince f is relatedto q by (KL6), the discontinuitysufferedby

lii~q)zi’in passingfrom (y~c) <0 b (y~c) >0 leads‘0 a pti- .;
discontinuityin f, end it is thisphase shiftwhichmakespossiblethe
%ransferof energyfrom themean flow to the disturbance,or vice versa

.=

(S00.8). —.
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of viscosityand c&ductivi.tyon the disturbanceis negligiblein the
interiorof the fluidfor very largeReynoldsnmbers. However,if
CiC O, the inviscidsolution(124)mnnotpossiblybe validall along
the real axis (fig.1). If C4 = O (neutraldisturbance),there is a
oriticallayerof fluidat the’point w = c h whichth6 veloci@ varies
veryrapidly (f* log !Y=c! )) end in which,therefore,the viscous “- “-
forcesmust be takenintoaoco~t even when the Reynoldsmm%er becomes
indefinitelyMge. If Oi <0, (dsmy@ disturbance),thereare four ~

-.

such innercriticallayers,beoausethe lines arg{~g’’3,Y+cq= 2;G

(fig.1) and the lines ‘g{(~~~” (Y~c)} .-$, ~, .hich delimit

the regionof validityof’the solutions q)l and T2, intereectthe real

axis in four points.
--

—
With the aid of the equationsof motionand the relations(115)and

(116),the physicalsituationIn the neighborhoodof the point w= c
csnbe made stillclearer. It is not difficultto show that the rate of

bhange”ofthe quantityl P*C* where ~“ is the vorticity,for any two-
dimensionalmotionin an inviscid,non-oonduotive
givenby the relation:

oompreskiblefluid is

In the presentcase,if c = cr$ then from (125)
ti (53),thereis obtained

(125) .

and the equaticms(49) ‘

or

L {(3W’) =Oat y=yc‘e -
that is, the transportof the quantity pw~ aoross@ ylsne w = c
must vanish. It will be shownlater (sec.8) that it is @possible for
P(Y~) =Qc to vanishif q(y) Is a solutionof the disturkmnceequ’ation

—.3.
The quantity p*~* is relatedto the densityof angulsrmomentum.

—

—
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(n2) tiichsattsfies the boundarycondition Q =0 at the wall. If the .

valueof c = c= ‘is chosenso that [:(,w~)]m #O, then the trans-

port of Pwt acrossthe plane w = c can be balancedon~ by the diffu-
sionof pwt throughthe actionof viscosity. It can thereforebe con-
cludedtlht a neutialdisturbancefree from the effectsof viscosityin
the interiorof the fluid can existonly for velocity-temperatureprofiles

-.

for which ~ (pw~)= & WJ. @ ()dy T’ ‘0’
at somepoint.

From the energy egua~ion (52), the relation(u6), and (123),(124),
(124a),it appe=s that if c = or (neutraldisturbance),then 0 be– ___ .-~
comesindefinitelylargeas w- c, y- yc. Even if we quantity

[%3]. vanishes,the conductivityof the fluidcannotbe neglected

in the vicinityof the point w = c unless ‘I!t= O, which is not gener-
ally the case. However,the mathematicalrespltsobtainedin part I in-

-..-

dicatethat the influenceof the conductivityon the “viscous”solutions
of the velocitymmponente .isonly secondaryfor Reynoldsnuoibersof the
orderof magnitudeof thoseencounteredin most aerodynamicproblems. 1

(b)Singukitj- at the Point T = M= (w’-0)2:

In the case of the neutralsupersonicdisturbance,outsidethe
boundaryleyer,the relativevel.ooi~betweenthe mean flow and the x-
conrponentof the phase velocityof the distmbance is alwaysgreaterthan
the mean sonicvelocity.” At somepointwithinthe boundarylayer,the
relativevelocitymust be equal to the localmean sonicvelocity a.

Stice ();*a T
,@ispointwillbe reachedwhen (W-)2=

()

~*a.

e:
=

. = ~v~ q

—

T
- . Although ~(y)+ aIas T-+M2 (w-c)=, by means of a changein

-..

Mz / ...-=. .-.

dependentvariablesit is not dffflcultto show that thispo$nt is only
an apparentsingularityof the differentialequation(112). If the de-

Yr
p&dent variables~e chosenas @ and -, ratherthen T and ~t,

n

.

thenby utilizing(112)and (116),a new&stnm of lineardifferential” ‘-“-
equationsof the firstorderis obtained:
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.

&p i .T - M2(w–c)2 r+ Wt ~
—=— -—

dy 7$-. (~-.) -p w--c

()d;

b

-—. -—

(128) ‘-

(129)

The only’singularitiesof equations{126)and (129)occum it the point --
W=c and the pointat infinity. So”far as the disturbanceis concerned,

. the physicalsignificanceof the point T = M2 (w – c)2 lies only in tie
. fact that it marks the point of transitionbetweenthe mzpersonicand sub-

sonicfieldsof flow.

(
1

)For,the neutralsonicdisturbance 1 - c = ; , we petit at fiia

(w-c)’ equals T moves out to infinity; (T+l, w=l, as y-~).
z

. The physicaland mathematicalproble~is more difficultto investigate ‘-
in this case,becauseequation(112)has an essentialsingularityat in_
finit~end the ammmtotic behaviorof W(Y) and T(Y) as Y + m is

—

*

somew-katcomplica~e~.In the next section,the beh~~iorof the sonicdie-
turbance

(c)

as y—> m will be discussedin somedetail.

Behaviorof the &viscid Disturbanceas y+ C ..—-——

BoundaryConditionsand the Characteristic-%lueProblem:

yb.=, T+l,w+l,wt- O. {n~2 i– 1M2(l--c)2f+0As

the disturbanceequation(1.12)takesthe llmitingform “
J .- —.

—

‘?” {
=ct21 }

-F(l-C)2 Q (130) ._=
—

Equation(130)has the solutions e
4Y +Py

and e
,m ---

, where p = a

anda=l - fi(l - c)’. It followsthat the equation(112)has a funds– ,
. &py

mentalsystemof solutionsbehavinglike e as Y —>mo To dafine
P uniqmly, it is necesnaryto introducea “cut”alongthe negativereal

f
.-

-M2(l~r)2~~ 0}axis of the complex~=planeo Regardlessof whether 1
1. J
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(subsonio,sonic,Or supersonicdisturbance)~ we re~l part of P willbe
—

positiveso longa~ - fi< arg(~)<x. Sincethe yhysicalconditionsof
the problemrequirethat q must be boundedas y+ ~, the solution
+$y
e must be rejected. Therefore,this solution q mustbehave like”

-PY
e as y+m.

-PYSolutfonsof the type e Im(x-.ct.)
when conibinedwith tJm factor “e

evidentlyrepresentyrogressivs&vesj but it is necess~ to be careful ‘“--–
in discussingits directionof propagation.A disturbancewhich i8 ~ro: ,.__~
pagatedoutwerdwith ~espectto a fixedobserverat the wall is actually
an incid~t—~;e relativeto an observermovingwith the v610cityof-the

—

mean flow outsidetheboundarylayer,and vice’versa.Thififactcap be” ‘-”~
readilyappreciatedby referringto.figurek. The.wavefrontstaovtng “
outwardand also downstreamwith a velocit.yucr relativeto thewal~~ae

.—— . _

overtakenby the observermovingdownstreamwith the velocity1 relative “- ““”
to the wall. To sucha moving-observer,thesewave frontsappearto be
propagatinginwd. The 6itu&tionis obviouslyreversedfor the wave

—

frontsmovinginwardand downstreehwith respectto the-wall.”me same
conclusioncan be reached,of course,by referringto the analyticalform
of the disturbance.A wave fronbmovingoutwardwith respectto the fixed

~llwill ~ve tie fom ef~(x’-ct) e+Luy
. However,for the observer

movingwith the free streamvelocity,the x-coordinateis x’ = x – t,

andthewave fronthas the form eia(x’+ (l- c~ ‘)eWy ~ his (~:,y) “ -
coordinatesystem. The wave front is obviouslymovinginwardin @is
system, If ci> O (disturbanceincreasingwith time), then S2i> 0 “ --

.—

emd pi > O; the disturbancetakesthe form of an outtioingwave of ex–
potentiallydampedamplitude(iny) as y+ ~. If ci””<O (diet&b- . .—
ante dampedwith ttie),then fli< 0 and Bi< O;”the distwbwce ~e~ .

the form of an incomingwave,ofe~onentially”dampedamplitude (iny)
ae y+~. If c1 = O and Q > 0 (neytralsubBonicdisturbance),

the dist~bance is propagatedparallelto the x-axis,and the amplitude
is exponentiallydsm~edin y as y +-. Thus,for –Ye< erg Lq)<lc,
theboundaryccnaitionat y = ye is Qf (Y)+ @p(y)=0, and the
characteristicvaluesare discretp(sec.4)*

-.

‘The curve Qi’ = ~, correspondingto the condition L-M2(l-cr)2=O -

for a sonicdisturbancedividesthe complex Q-planeintoa
?
gion of eu&

sonicdisturbances,and.aregionof supersonic,disturbances fig* 3). .-

,,’

4A —

1
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...——

(neutralsupersonicdisturbance), then ~

Is purely5ma@nary,’ahd%oth solutionsof equation(130)
( e-mb,i)

are boundedas y+cs. The correspondingpressuredisturbancesare also r
finite(equation(115)). U thiscase,both incomingand outgoingwaves
exist,but in generaltheyare not of equalemplitude. This phenomenon
can be describedphysicallyas a reflectionof an incidentwave, either
with absorptionor reinforcement,and willbe discussedin more detailin
section10a. Mathematicallyspeaking in this case thereis no homogene-
ous boundaryconditionof the type (58)at y = y2, Exceptfor the special
case of a pure incomingor a pure outgoingwave, thereis thereforen“o
characteristic-valueproblem,or ratherthe characteristicvaluesare
continuousand not discrete. A solutionsatisfyingthe boundarycondition
at the wall can alwaysbe foundfor arbitraryvaluesof o end a. In
fact,from (117)and (118),sucha solutionfor yl< y< y2 is -——

m

19(Y) =(w-c) amk2n+L(y; CjUM2) (131)
.-

n=o

—

The condition CC2{1 -M2(1 -C)2 }+ O breaksdownwhen Z-M2(LC)2 ,
= O, (neutralsonicdisturbance)or when cc= O. In the lattercase,with
1- M2(1 - C)2 # 0, it is not difficultto verifythat the solutions(117)
and (118)are continuousin a as a+ O even as y +CS, although
the pointat infinityof the y-planeis an irrefwlarsiWl~i@ ?f We . _____

‘f& (1 -=) andequation(112), Indeed,thesesolutionsbehavelike e—

A- M@(l -C)a

a (1 -c), (

ing case a+O.

For the case of

- PY _ e+lm
9 ),respectively,as y+~ in the Mmit-

. . —

{the neutialsonicdisturbance, 1 -M2(1 - C)2} = o,
and the asymptoticbehaviorof the invlscid”solutions&s y + OJ is quite
co~licated. The asymptoticbehaviorof the mean velocity w(y) for the
case of the compressiblefluidboundarylayeris similarto thatof the
Blasiusprofile(reference11, equation10, p. 228).

.-

.

J
m -XZ2

1 -w- e dz, for y >>1, (h = const.) . (132)

Y

.

.
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h the syeoialcase h which the Fyandtl nmber is unityand the MW%IIpes -
suregradientin the directionof the mean flow is zero,the mean tempeti*-
ture .T(y) is a~iq~equadrati~ functionof w(y). Thus, (reference11)

..—
.

$

T = T1’+
{

Y

}

+’. (TZ-l) .-~M2w2 . (>33) ‘-

-.

1Inthatcase, since C=co= l--,
M 3

T-lf(w-”0)2 -(l- w)X’ for y>>l (134) ““

where F is a positiveconstant. The differentialequation(112)must
take the limitingfomn: ,

-.
—

(135) ‘“”“ - _,
..

—

or,
—

-. .-

$“ + w’ ~, _ ct2~(l-w)F$
l-w

(136)

where ~ = q/(w - C). If the physicalconditionthat $ be boundedas .

y+m is impsed, then ~ 13 ~ (1 - w)W = o, and equation(136) : - ..-T
admitsof two possiblesolutions:

o+ Constant, ~-w-o + constant, as y+cn (137)

or —

.J
m

w’ -l-w, k)-’ (1–w)dY+o as Y+.= “ (138) “’”’
.

Y

.— -
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The asymptoticbehavicw CP- (w- c) im@ies that —
.-

. ——-

()dfl -a=, or~- a2(y+A) as y~~, by equation(129) 039)
GF

-

m . .. ... . . .

‘k’ q(y)-

r

(1 - w)dy, tie~ .

“Y

Thus,for the sonicdisturbance,if the pressure disturbanceis.to
remainfiniteat infini~ (equation(140)),then CP must approachzerg’
veryrapidlyas y becomesinfinite(equation(138)). me solution(137) .
must be rejected,end the clumacteristic-valueproblemmay be expectedto
have discretecharacteristicvalues. The conditionfor the existenceof a ___
,solutionin this case willbe discussedin section10c. —

.
However,if only a finitegraient of pressuredisturbanceis required,

but allowing the pressuredisturbanceitselfto becomeinfinite,both solu–
tions (137)and (138)maybe included,and the characteristicvaluesbecome
continuous.The physicalsignificance(ifany)ofthis solutionis not clear.
But the situationis scnmwhatanalogousto the case of the steadyflow of
a commessfblefluid in the vicinityof the speedof sound.where small
local-changesin the cross-sectionaiarealiou&ledby stme& litisprcduce
very largelocalchangesin the velocityand pressure.

1 both solutionsIt shouldbe noted that if a = O and- c = 1 --,
M

(137)and (138)may be included. (Seeend of sec. $la.) From the rel..a-
tion (115),it can be seen that the pressuredisturbanceremainsfini~
as y.~m in this case.

8. Energy’Relationsfor an 3nviscidDisturbazIca

The disturbanceshave Justbeen classifiedinto (1) self=xcited
distmbancespropegattngoutward, (=(0) >0), (2) dampeddisturbances
propagatq
parallelto..

&&i- (fi(~)c 0),-(3)neutraldisturbancespropagating
the x-axis ($2> O), and (k)neuimd.Msturbancespropagating

,
51
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both inwsrd and outward (n< o). “‘Itis very interestingto consider

the energyrelationsin all thesecases.z ..

~ the firstcase,thereis no doubt thatener~ must pass from the ,
mean flow intothe disturbance,becausethe amplitudeof the disturbance
is being increasedand energyis being carriedto infinityby the wave at
the Ssnletime. In the secondcase,the oppositeis true. In the third
case,thereis apparentlyno tranefer of energybetweenthe mean flow and
the disturbance.In the fourthcase,energyis being carriedin and out
by the waves;whetherenergywill pass from the mean flow to the disturb-
ance,or vice versa,dependsupon whetherthe amplitudeof the outgoing
wave is greatiror less than the amplitudeof the incomingwave.

For the two oagesof neutialdisturbances,(3)end (4),it is possi-
ble to clarifythe physicalsituationby consideringthe time average
over a period (whichis well definedfor neutraloscillations).

Sinceviscosi~ and conductivityare disregarded,and
disturbanceis harmonicboth in X* and t*, the average
changeof the totalener~ per unit vozumeover one period
lengthmust b6 zero;that is, ‘.

de* “d

{

(uf*)2~
=P*—“~ dt* ~J

+ P* -& (CPT*)=0

the neutral
time rate of
and one wave-

—
.——..-

--

—-

-.

. ..-.———

—.
I ..=

(14i) .._ “ ““”’

By neglectingtripleand quadruplecomelations,and utilizingthe dynamic
equationslike (49)to (!53)
balancefor’thedisturbance

to carryout certainreductions,the energy
is o%tainedin the followingform: ...—

.—

8&+ ~p*t

.;*ui*u *
J qT–

u~”’ ~g=ow (143)
.—

,.———

‘Theseinvestigationswill also form the basis for the discussionof
the necessaryand s~ficient conditionsfor the existenceof a disturbance
(sees.9and 10).

.
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Now the ‘quantityp*~ —

a
is equalto - RI {( ] where

hi
;Cp’+iaf) ,

2 L

.
.

the symbol - denotesthe complexconJugate. From the relation(115),

there results E = ~y p? + if
P

so that’the quantityin the bracketof
w -c’

;

\
the aboveexpression f.s purelyimaginaxywhen o is real. Eence,

___

P** &li*’
----

= O. Using thisrelation,(143)canbe reducedto
~i

.

—
.

.

The relation(144)holdsfor everypoint fn the fluid. Henoe, “\
.

.

. —

. —

..

.—“--~14;). - ‘—
...—

.-

, where V is a givenvolumeof fluid, S is the”bounding

%“ is the componentof the veloci@ perturbationsnormalto S. Let —
surfaoe,‘and -..

V be a rectangularparallelepipedsof unit dimensicmsh the x* and Z*
directions,extendingfrom the solldboundary (y = yl) “toi.nfin$ty“ in

—

the Y* direction, Then with the oonditlon V*Z = O for y = Y1, (145)
becomes

. .

—-

—
.—
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that is, the net energypropagatedoutwerdby the disturbancein unit tim
acrossthe plane y = constant. (y large)is equalto the tibl enera
transferredIn unit time from the mean flow to the disturbanceby tbe

aotionof the shearstress T* =

It can be verifiedthat

-— . ...-—.— .—

- F U+’v+t withinthe boundarylw er.

where (p denotesthe complexconJugateof q. By makinguse of
the expression(147)for the velocitycorrelajsioncan be brought
followingforrnwhen c is real: .

u*tP*t a T
Jhl(g*; )@2 ‘-;~+(w-c)a

-.
—

(147) . :-.u---

- —-
(~i6),
in~ the ___

or rather

.—

(149)

are

the
the
the

When c = Cr, the coefficientsof the differ&tial equation(112)
real. H CP satisffee(112),then qr and qi must also satisfy” ““- ~..=.,

e@ation independently,and the
Wronskianof the two solutidns,
Wronskianis

e~ressfon in bracketsin (14’9)is
by definition.For equation(112), ._.

f;’” .+-i (W-C)2}w(q)#pJ=(3.

—- ..-—

(150)

.
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from the relation(114),whera k is a

,.

.

..
●

Hence,from (149), -real constant.

. . .

{151)

Thus, if C = Cr, the shearstressis constantwherever w (~, Tij

ts continuous,that is, outsideof the innercriticallayerat w = c, “
..—

where the effectsof viscosityand conductivitypredominate(sec.7a). .
To satisfytheboundarybonditioriat the wall.,~r(yl) and qi(Yl)

must be zero independently,and therefore, W=k [TL-M2 (W1-C)23=0
L general, C2 #T1/M2,

....._
sothatk=O and --

.

●

W=cl, T=o fOr~-yc<O (152).

(cf.fig. 5,) .-...-.-—
.

By utilizingthe solutions(123),(124), and (124a),and equation
(150)the discontinuitysufferedby the Wronskianin Taesjmgfrom
(y< y~) ta (y> yc) canbe calculated. In factl,

-.
.. —

..-
-. ..-—

(1.53)
.

where CPc = 9 (yc). IIYam (150)f W = kTc for y = Yc + O, end therefore,.

*

.

..-.
7

(154) ““--- ,-.
.=

.

a
7-=

zk
for y –’yc>o

, ,-
(155)

—

-
.:—.. .. .

‘In the limitingcase of an incon~reasiilefluid, AW reducesto
the valuecalculatedby Tollmien(referenceio). - ,..-

55 ..-



..

NACA ~ NO, 1115
.—

,“

Thus,assmningfor the momentthat qc # O, if the si~n of’the qyantit.

[; (:].

— .-

is positive,enerw will pass from the meen flow b the “ ._ :—— -.- ....—- .

.
disturbance;if the signof

[+’(:)].
is negative,the mean flow-..—-.--- —

.
will absorbenerRY from the disturbance;if

[~ (~)]c = O, there

.,

.

.

.

.

.

.
.-

is no exchhnge of energybetweenthe mean flow and the disturbance.——-—

In the foregoingdiscussion,it was tacitlyassumedthat qc # O,
By means of a proof similarto thatgivenby Tollmien(reference10) for
the case of an inco~rossiblefluid,it is not difficultto show that
gC c~ot v~sh if CP(Y) iS a soluti~ of (112)satlsfyi~ tfiebo~-
ary condition (p(yl)at the roll. This presentlywillbe done.

If .(p(y}satisfies (112),then p = A= cpL+ Aa CP2, and the be-
haviorof q= and q= in the neighborhoodof the yoint y = yc is
givenby (laS),(124), and (124a). Since q=(yc) = O and qa(yc) #,0

--

A= = O if (P(YC)vanishes.
()

Now ql(y) is ~&@tiC and & WAC .

is fipiteat Y = ye. By directintegrationof eq~tion (ti),

4

where y4 is the valueof y for which
T = (w- c)=,
ii=

then
{

T
M2~ > 0,

“ ~)~ - J
and the quantityin bracketsin (].56) is

L .—

positive. Therefore, Q(Y) >0 for YOC y< Y4 and Q(Y)< O for

YL<’ Y< Yo; Q(Y) c4n never Sa%iBfYthe boundarycondition p = O at the ,
wall, smd the assumption q(yc) = O must be abandoned. ..

.’
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9. Necessaryand SufficientConditionsfor the Existenceof an

InviscidSubsonicDisturbance

●

So far in the discussionof”the invisciddisturbancein a compress–
iblefluid,it has been assumedthat solutionsof equation(11?)exist. which satidfythe givent~es of boundaryconditions. The energy criteria

—

developedin section8 not only serveto clarifythe physicalyroblem
considerably,but also leaddirectlyto the formulationat leastof ths
necessaryconditionsfor the existenceof each of the threepossibletypes

● of neutralInvisciddisturbance.The sufficiencyconditfon~cannotfollow
directlyfrom energyconsiderations.

. This sectionwill deal with subsonicdisturbances,neutraland self-
.-.

excited. First a necessaryand sufficientconditionfor the existence
of neutralsubsonicdisturbancesis established. It is thenpossible

—-.—
.-

.
,

.

to establisha sufficientconditionfor the existenceof self-excited
subsonicdisturbances.However,a necessaryccmditionWs not..je~..pg?n

.-.-—

established.

(a)The NeutralSubsonicDisturbance:

At largedistancesfrom the wall, the neutralsubsonicdist-mb-

-PY ad

{

1
ante dies off like e *VJ 4 0 asy+~. In
this case,no ener~ is ~ransportedinto or out of the boundarylayer
by the dlst~bance,and thereforethereis no net exchangeof energy
betweenthe me”anflow and the disturbancewithintheboundarylayer -
(cf. (146) ). From the resultsof section8, r d o, and hence tie

a. Wf

quantity [:(v)]. qmust vanis&l,if c + o. If
()GF

does

not vanishfor some w>l - ~, the onlypossibleneutralsubsonicdis--
M

turbanceis the one for which c = O. When ~
w’

()
vanishes,for

-@-
w = Ca (sw), then c equals C* for the neutralsubsonicdisturbance.

a ~t

()
1

The conditionthat —
@ T

must vanishfor some w >1 - –
M

iEt
As
‘be

—
..,.

-----

..—

also sufficientfor the existenceof a neutralsubsonicdisturbance.
in the case of an incompressiblefluid,the sufficiericycondition can
derivedby means of an argumentbased on the fact that Q(yl;a) is
analyticfunctionof a (reference1). For the purposeof fiisdis-

.
an
cussion~ it is convenient to deal with the disturba&e equationin the
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.—

d w’
self-adjointform (113). Supposenow that

()
= O for some

(say).
G~

y >y?, where w = c= Then,by the necessarycondition,the
phasevelocityofthe”neutialdisturbance,if it exists,
to cs. Now, 5 (Y) is positivecontinuousend bounded
hence q(y) is also continuousand boundedeve~here.
can thenbe integrateddirectlyto give the relation

~2

f( )
C (Yh’(Y) =E (Y2)Q~(Y2) - q + -y- ~w

By choosingthe valueof az largeenough,the quantity

must be equal
eve-here, and
Equation(113)

(157) -

q+a!g Cexl.L

alwaysbe made positive,since q(y) is bounded. Now, for c = cs,
the solution q(y) canbe coqletely definedby thebound&y conditions

.-.-.4....... ..

~(Y2) = Z-cG, ‘qr(Y2) +a J’1 - F (1 - cs)2 Q(Y2) = O. .Therefore, . -

CP’(Y2)<0 when ct>O, and from (157), q’(y)<O when q+_~>O. ‘“

Hence,the valueof a ch be chosenlargeenoughso that
CP(YI)>cP(Y2)> 0. For U= 0, ho~ver, Q(Y) = W- cs and CP(Y1)<o;
Since q(yl;a) is abounded, continuousfunctionof u (sec.2),
CP(Y1)~st ~~~sh for SOme~lue of a = as >0s For a @VeII ~lue Of
the Mach number,the value.of c = c~ is determinedfrom the mean ve~o- ..:
temperatureprofile,and the correspondingvalueof the frequency a = ~
is givenby the secularequation(109).’The boundary-valueproblemfor. “

-----

the case of a neutralsubsonicdisturbanceis completelysolved.

From the disturbanceequation(112)and the boundaryconditions,
it can be seen thatfor M< 1 the singularsolution CP= w, for
c = o, a = O (infinitewavelength and zerowave velocity)always

‘Mmexists,provided Wl?a &–M2 .1. ~ M>l, then in.-
c, a+ o

the limitingcase of infinite

disturbancebecomesa neutral

is, the condition

T= a ..=———
wavelength, (a = 0) tk neutralsubsonic

(
1

sonio’disturbance
)

c +1 –- ; that -
M

58
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a+o .
,.

holds. The solutionfor Q Is a linearconibinationof (w- C) ~d
.

m

(w-c) J{ T _ ~’~

(w-c)’ J ‘“
“Y

.
——

. If M = 1.0, the Condition

3 /2 —-

Mm + ‘1’ c.
c —> o

= constant
TI a

a+o

—

holdsfor the neu~al subsonicdlsttibancein the limftin$ca@e of ~:- --—
finitewavelength, and the singulareolution q = w exists. The si$--.. - -
niflcsnceof theselimitingconditionstill be appreciatedin.the tn-- .-

vestigationof the asymptoticbehaviorof the u-R curve.f_9_r*he ~~ “_ — ._,
neutralsubscnicdisturbancein a viscouscompressiblefluid,dhich
will be carriedout in a subsequentreport. ‘ —.

,
.

.

.-
(b)implifledand DampedSubsonicDisturbances:

d Wr

()
It has been found (sec.9) that the conditionthat — — must

? dyT

—

.

L
vantshfor some w >1 -z is necessaryand sufficientfor the exist-

.

ence of a neutralinviscidsubsonicdisturbance.By analogywith the
case of an incompressiblefluid,it can be expectedthat the condition _-

()~ w~ 1 IS aMO sufficientfor the existence=0 for some w>l_– ,,
WT M

.-

of amplifiedsubsonicdisturbances(“adjacent”to the.neutralsub’sonic

.
‘..

.

..

()disturbance c = cs, a = as). If & ‘~ does not vanishfor come
‘Q

.=

1
valueof w > 1 - -, it’appearsprobablethat exceptfor the disturbances

M
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c o, a=O, for M<l, or c=l - l/M, cc= 0, for M 21, only
da&ed subsonicdisturbancescan exist in the inviscidcompressiblefluid. —

.

.

.

To prove that the condition I
()

~t 1
=0 for some w>l.-.–

qv F M

is a guf’ficientconditionfor the existenceof amplifieddisturbances,
a methodis employedwhich is quitesimilarta that used in the iacompress- -~
iblecase (reference’l). The followingpo’intewe settled: (1)The
existenceof chsmicteristicvaluesof c and a near (Cs, as) such
that m(c) = ci + O; (2) the sim of ci.

:
.— .—-

(1)It has alreadybeen found (see,7) that the boundaryconditions - ‘“”~
for %he subsonicdisturbanceyielda uniquerelationbetweenthe charac-

. teristicvalues

. where c is an

of the form - _.~

c = c (a,F) (158) - :

analyticfunctionof a and Mz. exceptin the neighbor ‘
hood of the point c = 0, a = O. In the neighborhoodof m = as + o,
thereis at leastone valueof “c for everyvalueof cc (real),and if .
a#~ then C#CgS and c must be complex;that is, cl + 0, for
the onlypermissiblereal valueof c 1s ,es. — -—

-.

(2) In the neighborhoodof a = ~ >0, a and a= are miiquely
.

>

.

related,and c is m smalyticfunctionof aa. Then c(a2) may be
e~anded in a Taylor’sseriesof k . As = U2- ~= aroundthe point
As = a&

--.—

..

.

If

dc
()

* (h - X8)2 d2c ~
c = C6 + (A- Aa)

KS 2! ()=s”””
(159) ““ -..:.-

lia
dc

()S8s
+ ~, or, if Iin = o, k = 1, 2, 3, n- 1, but

. .

~ ($)+~,andnis~thenci will alwaysbe positivefor

somevaIueof CL slightlysmalleror largerthan as. For thesevalues _._~
of (c a),

(
a solution q)(y) existswhich is validall alongthe real

axis sec. 7a).
.—

—-.
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successivedifferentiationof the differentialequation (112) with re-
spectto h. If cp(y)iS a oha~cteristic funCtionyand c ad X ‘e

dq)
the correspondingcharacteristicvalues, — existsin the regions R’

dh
and R“ (seoo6) and indeed

For the purposeof this discussion,equation(112)canbe re~itten in
the form .-

(161)

where the nrimesdenotedifferentiationwith respectto y. By differ--
entiatfng1161) once withrespectto k, the folzowing““=----”-’
equationfor CP~ is obtained:

.

.

ULLJ.UL-UU IJLUJ.
.-

(162)

When X * ha, c + cs, the correspondinge~ressions for L(%)

end L(cP)willbe denotedby Ls(~) and L~(Qs),respectively.From
—

(160)and (161),

—
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&*(W3ks)-%+*(%3). }= -&{,*h,%, - wfPhJ]- —

,:

*

.

,

If both sidesof equation(163)are integratedbe~wpentile.l~_ts Y“= Y1 ~ “ .,=
allay = 72 alongany path in @e region R in the complexy-~lane,an

.
dc()expression for — is obtained. Consi&” firstthe in%~al o? We . .
as

left-handside of equation(163):.
.
.

-.

,,
.

Since“cp(yl;c,.X) = O is an identityin k,*
and the integratedexpre~sionvani~hesat yz.

.

—,
.

9’s (Y2YC, ~) =- a. A -F (1 - C8)2

-.

●

● O

?. P . . -
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substitutingthesere~tions into (164) ftnal~ results M

where.al end 82 a3e real cofistantwo.

The integralof the right-handsldo of equation(la) 3S

(165)

I

Equations(164),(165),.CUMI(166)yield

‘-f
Y2

%2dy + al

( “)
Y1 F

%s=
11- a2

. .

—

.

.-

—.-

. .

.

. ..—.- :;

Y2 #
In evaluatingthe integrals 11 and

I

~ &y, integxatealong the real
. 1

axis,exoeptfor the term
f ‘2?2 (:)s

dy, Indeed,all the other

Yl .
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intagralshave real and fihiteintegrandsalong the real axis. Thus,
the imaginaryterm in (367) can occuronlywiti the in~=a~

.—

JpJ’s2(:)* , ‘ , ;-=YC*~dyj the integrs.ndof’whlchbecoms ~ini~”at
.“

8

By expandi~ the integrandin power seriesin the neighborhoodof y = Yc,
thereip obtained

.

h
{1

q = ..

.

.

—

[

J
YI “rh’r’c)’ (Y-yc)a{l+’w+(y-y.)+.● .,,, . 1-.

●

✎

—
.-

(M8), .—

from which,
. .

j {1$9} ———.
.

.

characteristicfunction, g~c cam clevervanish(sec.8). .—

.-

.

Ci must be positivefor some valueof a eli~htlysmalleror Iarg;r —

.
them as. i -.—-.. ,-

The restrictionthat (~~w’)”c must Dot vanishcan easilybe re~.

movedby an extensionof the foregoingargument.
of the mean velocity-temperaturep?ofile, if (t8w:T’:= :W%a;:;:y

~ *W? must have a tiue extmmum at the point y = yc w = c~ and not an
.,

6k
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inflection;in otherwords, (~*W1 )‘ must have a zero of o@ orderat _
the point y = Yc. ~erefore~

fanl+a

(.)
(2m+2)

g~wr ‘ = (y-c) (g*wt) +. ... m = 0,1,2,... (170)
(2ZU+I)! c ..

dc

(1

..——-—
~m (169), itcanbe seen that h = O for m 21. The differ-

Z
entialequation(162)for ~ is regularin the vicinityof the point

Y=YC?. and therefore ~(y) IS real. HY differentiatiW(162)s~-
cessivelywith respectto k, differentialequations are obtainedfor
da (%39

‘% whichare all regularin the vtcinityof the point—. .
~’ &3’ “Y=?

Y =yc if k<2m+l. Consequently,~
(k] is real for k < 2m+l. In

the expressionfor akc
()

a termof the form
~s —

alwaysapyearsby analogywith (lW). (ml the otherterms in the ex-
~kc

pressionfor
()

are alwaysreal.) By virtueof (170),the lm-
a~ s

aginarypert of this temn vanishesif k< 2 m+ 1. Howeverjif k = WIy

H

2
2m+z

dc

()

Vc
fi

z (wrc)2m+2(
esw~j=+a) # o

. .

2m+l
dc

Therefore,
= (~2m+l )+ o, and Ci> O for some valueof a elightily

largeror smallerthan U8. me proof of the existenceof-amplified
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subsonicdisturbancesadjacentto the neutralsubsonic
c = c~, a.as is thus coqlete.

It IS Quitedifficult.* glve”arfHOrousProof of

disturbance

ihe existence
smmlifieds~bsonlcdisturbance;adjacen~to the”neutraldisturbance

of

.

. . .

C=o,
a~o, chieflybecause c is not-ananalyticfunctionof a in the
vicinityof thispoint. (Seesees.7and 7c.) Althoughit does got seem
worthwhile to discussthe details,it can be shownby a methodsimilar

~ thatutilizedby Tollml.en(reference10) that ~
()

—
is real,

& C.o

d2c() [~ ( )1

d w’
zul — Is positiveif 7 0, & R@2c— )~~ C.odX2 C.o T YI

is unfortunatelylogarithmicallyinfinite. The ar~ent in this case
is thereforeinconclusive.Of course,from the asyz@otic behaviorof
the neutral a- curve,it shouldbe possibleto see thatampltfied
stibsonicdisturban~esdo actuallyexist in the neighborhoodof the neu-
tral disturbance c = 0, CL = 0, if the neutialdis~b~e c = cs~ ‘--- ‘-
a= as exists. —

10* Some FurtherDiscussionsof InviscidDisturbances

So far, only subsonicdisturbanceswhich are neutralor nearlyneu-
+ralhavebeen discussed. Thesedisturbancescorrespondto the immediati—-—
neighborhoodof the positivereal axis of the complex S2-@me (fig.3~
It has not yet been possibleto get any resultregardinggeneralnon-
neutralmodes,excaptthat theypossessthe propertyof being eit= self-
excitedand outgoing,or d~ed and incoming,and thatno sharpchange
in proper~ wouldbe expectedin passingfrom subsonicto sonicW“ tb
supersonicdisturbances.The neutralsonicand supersonicdisturbance, ““
however,do enjoya specialposition.The Fozmeroorreqmnds to_the

.-

.-

.
.——

-.

branchpoint of fi at the origin,and the lattercorrespondsto the
cutl drawn In the ~-plane to separatethe two solutions em (*a~Y).

In the followingsections,the neutralsupersonicdisturbanceis
firstconsidered.The transferof energyis made the basis of this

.—

investigation.fi section10c, tie.caseof the neutralsonicdisturb-
——

ante is discussedbriefly.

. --

‘of courseanY other cut tight have been USedO ~is Patictia ‘ “’-
one, however,has the desirablepropertythat one of the solutions —

exp
{

& ~~y
)

is in generalruled out by physicalre@remOnts.
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(a)NecessaryConditionsfor theExiBtenceof a NeutralSupersonic _ _..=

Disturbance:
—

The resultsof the investigationof the energybalancefor any type-.-
of neutralinvisciddisturbancelead direct~ to the necessaryconditions
for the existenceof the neutralsupersonicdisturbance:- —

(1) H themean flow inthehoundary layerabsorbsener&yfrom the -

disturbance,
[: (%)]

< 0, c >c~, The amplitudeof the re-
- Y=YC

-.—.

fleetedwave must be less than the amplitudeof the incidentwave.

(2) If thereis no exchangeof energybetweenthe mean flow and
the disturbance,c = cs, The amplitudesof the incidentand reflected
waves are equal.

(3) E the disturbanceabsorbsenergyfrom themehn flow in the

. Lwl ’02 -
bouidarylayer, cc cs. The amplitudeOr the ...~~

“ Y%YC

reflectedwave must be greaterthen the qmplitudeof the incidentwave. —

Of course, C< 1 -~, and a is arbitrary. The stationaryMach waves
M

c = O (arbitrary) can alwaysexist.
:...-.

The necess~y conditionsfor the existenceof a pure ou~oing or a
pure incomingwave will be discussedin connectionwith the reflection ~
and abso~tion of the neutralsupersonicdisturbance, (Seesec, 10b.)
Formulationof the sufficientconditionsin this specialcasehas proved
to be a formidabletask. In general, q(Y) iS not boundedat the point
w= c, alla ~(Y) is not boundedat the point T = M2 (w - c )2. Con_

sequently,it is difficultto determinethe sign of p(yl; a) for large
values of a, and it has not yet been possibleto carrythroughthe type
of argumsntwhich servedin the case of a subsonicdisturbance. (See
sec. %.)

(b)Reflectionand Absorptionof the NeutralSupersonicDisturbance:........ .

By the actionof the viscousforceswithinthe criticallayerat
—

W=c (C+cs), a relativephase shift is producedbetween u*r and

-.

67
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v*t, and the shearstress T = T* increases(ordecreases)rap-
FO*(%*)2

~U from z-o for (Y - Yc ) <0 to the value ~k for (y-yc)>O - —

(sees.4and 6). Thus, the criticallayertakesthe place,in a.sense,
of a wavy’wallor irregularsolidboundary,in reinforcingor pertially

(canceling dependingon the sign of
[+.’(:) ]c)=’~o”- “ .

disturbanceduring

the

for

the processof reflection. ‘-
—

From equation
.

a

.—=

--
(148);W shear stress T = ~ k is also equal“to

1 iuly, -iC)y
e~ression _

2 T- M*(w_ c”)*
Iin(qr~). Since Q -As + Be :——

—-
y S>1 (sec.7)

. “.
,-:

●

hence,from equation(154),

—

1
~{ B/’-~!}.} =X- _ (172)l’c~[=( )]

d Wr

Jti( l-c)’-- I , Wct Tc .-

By makinguse of equation(172)and the additionalrelation

(173) -““-.

IB12 .-
an expressionIs obtainedfor the “reflectivity”K = ~, definedas

IA I .,—

the ratioof the energycarrtedout of the boundarylayerby the reflected

68
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.

-“ wave to the energybroughtInto the boundary~er by the inoidentwave.
It iS foundthat .-.

== 1+$ (174).

*

.

-—
..—.

—>. . —
.

.

-. .,

It fO~OWS that
..—

●.
.
.
.

1 when J~O (I JI”-5 1) (175) —

— _—
..

The necessary
wave Is

conditionfor the existenoeof a pure outgoingor incoming

— — .

the boundsry

3=

J=
(176) ““ ‘~

-2“.)
at y=y2In this uase,

-.

. —-

=L

.

Yl(n
(177)

C@

.-— — “.. .
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In section7c, it was remarkedthata solutionof the disturbance
equation(112) satisfyingthe boundaxycondition q = O at the wall
(Y = YX, or Y = o) could always be f’oti for ~big~ya~:~u;i:: &
and a in the case of the supersonicdisturbance.
(Cfo (131)

so that

s

.’

fP(Y2) = (1 - c) ; aa’kz,,+z(Y2;~, ~) “’(179)’””
L ..-

n=o -

qt(Y2)= (1

n=o

L L J
n=o

L I

It is assumedthat the mean velocitytemyeratmreprofilein any
particularcase is knownfor eachMach number. Subjectonly to the re-

striction C< 1 -~, the reflectivitycan tiecalculatedfor a s&~es of

suitablereal valuesof c. Thesecalculationsshouldgive some “ —

70
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indicationof
incomingwave

.

the

cm

—_— —

.—

conditionsunder whicha pure outgoingwave or a pure
exist, *

(c)Necessaryand Suffident Conditionsfor the Existenceof a

NeutralSonicDisturbance:

~ the physicalcondittonthatboth q and fi/pmust be bounded
as y + ~ is imposed,then in the case of the neutral sonjc disturb.
ante, p aad 9* + O veryrapidlyas y + cu (sec.Tc) and no
energycan be tramported into or out of the boundarylayerby the dis-
turbame. The necesmry con~itionfox the existenceof a neutral sonio
disturbanceis therefore(see.8)

1
c=c=.l__

M
(182)

..-

Unlikethe case of the neutralsubsonicdisturbance(see,>), the
condition c = Ce is not entirelysufficientfor the existenceof a
neulanalsonicdisturbance.Beoausethe physioalsignificanceof this
sonicdisturbanceis not yet clear,it does not seemworthwhile to
discussthisproblemin great detail,althoughsomemathematicalresults

. .

have been obtained. A brief sketchof the argumentsand resultswillle
givenhere. From equations(117)to (120),ad equation(138),the so-
lutionof the differentialeauation(112)for a = O whichhas the cor- —
rect asymptotic

Therefore,

behaviorin this casemu& be

P(Y) = (w- c)
co

f{

T d—-’P “FO)2
Y

m

J{ T
q(o) = -0

}
-s dy,

(w - c)=
“o

.—

(183)
.—

.—.=

8

.

.

.

.
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and hence,

P(o) so (185)
.—.

according“as

m

[{

T
}

_.@ dyzo .
(w- C)2

● o

On the otherhand,an argumentalmostidenticalwith thatutilized
in the case of the subsonicdisturbance(sec.9a) showsthat q(O; a)> Q
for largevaluesof a, if c = cs. Since T(O, a) is tibotmdedoon-
tinnousfunctionof u, ~

. .

do, d

J(m
T +’F-) dy>o

L (w - C)2
‘o”

must vanishfor some valueof a > O; if—

\

f{

co T

}
_w dy=o

(W-(3)2
“o

a non-trivialsolutionexistsfor a = O; if
●

, ● m

/{
_FpY<o

(w : C)2
“o

.

-.. —. —. .——

—

.—

..

it must firstbe determinedwhetheror not P(O, a)> cp(O,O) for all
a, beforeany definiteconc~usioncan be drawn. By employinga mo~ica-

—

tion of the oscillation,or comparisontheorem(reference11), it canbe
shownthat q)(Oj~) > Q(O, al), if a2 >u1, and therefore Q(O, a)
is a monotonicincreasingfunctionof G Hence,~ .-

1
-. ----

. . -
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w Solutionof this type existsz,with a + O. (Seeend of sec. %.)

11. Corlmwh’rgDiscussions

The atioveinvestigationsof ene~~ relationsand the necessaryend
sufficientconditionsfor the e~s+jenceof certaintypesof disturb-
ance, thoughincomplete,serveto give a generalunderspendingof the
stabilityproblemin an inViscidfluid. Beforeproceedingto tncludethe
effectof viscosity,the significanceof the resultswill be discusse~
somewhatin detail.

The distrlb~tionof the densi..yof angulRxmomentumaorossthe
_* du

boundarylayeris unstableif the quantity p — has an extremum
“w’

for somepositivevalue of u+> ii:
t-i)>

where M is the Mach --
.-

nuziberfor the mesn flow outsidethe boundarylayer. From the equations
of mesa motion,it is not diffioultto show that tie qmti~ .

will alwaysvanishfor sane valueof w >0 if the solidboundaryIS
insulated,or if heat is being transferredto the,fluidacrossthe solid
boundary. This canbe Seenas follows:

The dynsmicaleqmtion for the mean motion

-*
-* (

-*au ++ i%i*) a
(
-*

Pu .~+va~ ‘~ v

.

.._

.—..

.-

—

—

—

—
—

-—-—

.

‘SubsequentInvestigationhas shorn”that this is thq case.

73

,.



.
.

.
.

.“ glvea

.

s

9

*

-.

.

.

.
.

:

-

.

.

.

. .

.

H

NACA TN NO. 1115

where the subscript“z” refersto the wall. H heat

-L

air )

is transferred

—
..

.—
------ —- =.. .=

.

. ..—— .—

— .—

to —--— ..-.- —.—. -.4

the fluidat the wall,
a“

()
< 0 E@ hence

(a%)
> 0. There- . _.~

s% F1 -.

_——
—

..:
.-

--

._

1 a?
must be positivefor y* = YL+. Thus, ~ — increasesfrdm someposi-.

T by+ ::T —-.=-e.

tive valueas y inoreasesfrom Y1*. But also it Is known that it —
1 &’*

approacheszeroas y* beoomesinfinite. Hence, ~ — has a naximum
T by*

——

d Wt
at somepoint Y*> y~*; that is,

()
vanishesfor some w > 0.

~F
-.

.--——

* -*

If the solidboundaryis insulated,
(’T)

.(%U )
=0, and —

~1 ~y*= ~ ~ - -

= O. The aboveargumentyieldsno conclusiveresult. By differentiating
the dynamicalequationoncemore with respectto Y*,I and ytilizf~ the
equationof continuityfor mean motion,

—
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it is foundthat

—

i32G*Thus, — must be positivefor some w> TX; and since =* >.,

3y’2 ay’

for @ e y~, it followsthat the quantity
$@) ‘-”

must be posi-

..

tlve for some ~> y~, Hence,the essentialconditionsfor the last
case also hold in this case. The same conclusionis thereforeobtained.

--.-

—

-,-.,

However.if heat is withdrawnfrom the fluidat the solidboundary

s
– -’;= (a~p0“()

aT
The signsof the quantities _

~y+ 1 by+

a=?
,

and — till remainunchangedas y* increasesfrom y*L in general,1
&*?.

a“ W1

()
Hence,the quantity — —

dyT
remainsnegativeand will ndt vanish.

Therefore,for M< 1, if the boundaryis insulatedor if heat
is broughtintothe fluid,it is certainthat the laminerbounderylayer
in a compressiblefluidwillbe relativelyless stablethan the isothermal
Blasiusbound- layerin an incompressiblefluid,as far as the inertisl
forcesare concerned. If heat is takenfrom the fluid,the flow will-be
more stable. Althoughtheseconclusionscanprobablybe extendedto the

.
1 [(+

+
Exceptwhen thequantity Ts - T1

)
GI12 .

+

+ (~--g)]/( ~-”g ) is very mall, where !l!a= sqtion tem-

peratureo
,-

—

-.

. —-

_;-.

—----

—

.—

——

.-
.-

8
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caae when the velooityof
only slightlysupersonic,
superseniocaee.z

themean flow outoidethe boundarylayer is
no statementcan as yet be made for the general.

s

-.
.

However,the criticalReynoldsnumberdefine~in terms of free-stieti---
!Wntlti.esmay not necesewily be deoreasedby heatingthe solidboundary.
For in the visooussolutions of section3, it is the kinematiccoeffi-
cientof viscositynear the solidboundarythat enters. This coefficient
is increasedbyheating,thus leadingto greaterstability, Whetherthe
mintiumor$tfcalRemolds n@er f’orany co~ressible-fluidboundarylayer
at any &h nuniberwill be ~ea~r or le8s than the valuefor the Blasius
“Profilecan be determinedonlyby aotualcalculation.This questionwill
be settkd for seweralrepresentativeoases In a forthcomingreportby
somenumerical~rk follo~~ methodsto be &iscusseain tie next part
of thisreport. ,

h a recentreport (referenoe6),A].lenmd Nitzbergsuggested
that the “proper”Reynoldsnuuibershouldbe based up~n the kinematio
viscosityat the soL$$boundary. For smallvaluesof c*, this
is not very differentfrom that & the crlttcallayer. However,

+. *
they have assumedthat the criticalReUynoldsnumber .—

(u’)
Is

VII* c~
e~ual to the oriticalRe~ola.snumberfor the Blasiusprofile. For the
aase of insulatedsalidboundaries(e.g,, airfoilsurf%aes),their

valueof (~ ~+ /F:o)cr may thereforebe too high.
.

--

.

..

---- _

-—

.
—.

.

,

.

.,

.

.

%r example,for M>l.5, it may notbe possiblefor a s~bsonic
charactiristi=oscillaijionto exist in certaincases,because in addition
to satisfyingthe equationsof motionand the boundaryconqtions, it
must also satisfythe condition o*> 1- n/M. —

76
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111 - STABIIJYYIN A VISCOUSCONDUCTIVEGAS

Ld. @nerd Considerationssad Methodsof Numerical

Calculationsfor the Stabilityin a ViscousFluid , . ‘

The foregoinginviscidinvestigationsserveto illustratethe gener-,
al behaviorof the pressureand inertialforcesin the controlof the ‘
stabilityof the flow of a compressiblefluid. These resultscan there-.
forebe used as a guidein the investigationof the stabilityin a real
fluidat largeReynoldsnumbers. In the case of the incompressible
fluid,very valuableinformationhas been obtainedby considerationof
a~ cation of the resultsin an inviscidfluid%y’the effectof vis-
cosity, The generalconclusionhas been reachedthat the effectof vis- -

——.

cosityid essentiallyde@abiliz@ at very largeReynoldsnumbers;smd
it has beenpossibleto obtainthe as~ptotic behaviorof the neutral
stabilitycurve”forlargevaluesof the Re~c)ldsnumber,also-togivea .

.,

quickapproximateestimationof the m@.mum criticalReynoldsnum%erad -
indeedto coqulje the completecurveof neutralstability. In the presezit
case,correspaniUngdevelopmentsshouldalso be possible,but the results
evidentlydependupon the Mach number. Any computationof%he curveof
neutralstabilitymust be c~ied out for each valueof ths Maah numberof””- ““-—
the free stream. ,. -—.—

--
OWingto the l@itatiou of time, it has Bot been possibleto c-

out thesecomputations,The authors,hcwever,laid down the generalplan ~ -
of the calculationof the neu%ralcurveof stability,ud repeatedthe
calculationof Tietjensfunction. S@e of the numericalvaluesturn out

.-

to be slightlydifferentfromthoseoriginallygivenkw TieWe~ (tabW ~ ._~”~
fig. 6). They agreevery closelywith the resultsof Schlichtinglslater
calculations(table2, p. 73, reference5),

A methodof numericalcalculationvery similarto that used in the
incompressiblecasewill be outlined’below.It enablesthe curveof
neutralstabilityto be computedfor eachMach numberas soon as the dis-

tributionsof velocitysnd,tenperatureare knownf~r $hat Jiachnumber.
Severalsuchdistributionshavebeen obtainedby Karmanand Tsien
(reference12),hy Crocco (reference13),by Ymmonsand Brainerd(refer-
ence 14), and by %ntzscheandWendt (reference15). .-

,,

Methodof numericalcalculation.-The calculationof.theneut~ ‘“
.———

curvedependsupon a properevaluationof the function E(a,c,l@) .=

occurringin (105)’.Accordingto (108),its evaluationdependsupon “’ =
the evaluati.o~Of Qij @ p~j (i,J= 1,2). To evaluatethese ,
functions,the invisci~solutions(117)and (118)are used: A$ter a’ -
littlecalculation,there is obtained

-.
,. .-.— —,..—
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ql~l = o

(i8~J----
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●
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.

.

.

*

where the submript ( )1’denotes=lues at the Yau Y = YLO ‘k
valuesof y2 dependupon the integrals h end k of (“L19)and (120).
Then co

I

@nHm (0$M21) ..‘V.== (1 - c)
.

U=o

—

(m)

q322 = (1 - c) ~, a= %+1 (C,M2)
..=

m “.

&2 = O-c) [
ITM2 a2n ~ (C,M2)

‘m%’ - J y=o

(YaC,M2)

—
where

#

(188)

Ha (C,fi)= h= (Y2,CJ421

Ka+1(c,M2) = ka+l (Y2,C,M=)

{
Ha-l (C,M2)= 1 l)‘1 ht=

.G)z - j

J-111 k~+= (y2,c,M2)Km (C,M2)= {rA:), , .—.
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(187)into (1o8)gives “ .

w; (cp42-t- p q)2J 1
-(189)E(a,c,M2)

where A = h’(c)is definedby ‘ .-

d (Yl -3+=)= -c(l+~) (w)
.

.’

—
By Mnoducing the function

.

‘(z)‘i% (191)’

and usingthe relation (189),(105)may be reducedto the form

(1+ ’A) (U+ iv) “ “ w: C(q:z + m~J

1 + X (U+ iv) ‘~th u + ‘v= 1 + (T1)($&2i-@41z). (w-dy(z) =
.-.—

-.,
.-

It is noted.that the quantitie8 922 and 922 Involvethe integrals ——
Km end. Km+l. These integralsinvolve

Y
P’T

/( -~~
L dy=Kl-

r

“f 7

\-(w- C)2
‘1

● YL
2

L ’3’ U(w- c)
.

—

. . ..,

. — —.

in the firststep ~f integration.By substitutingthe,right-hand-side
. expressioninto q== + ~az, it is not difficultto verifythat the

termf,involvingEl .comblneto give q~e + 13qlz.Hence,It is conven-
ient to write . .-

.
d2 + JW22 = (9:2 + @P12) K1 --0. ..—. .4

-. —.
.

Substitutingthis into (1$)2)givesfinally(with y2. y= = 1)
.—

,:

,nY2 “ -=.“ —,,
w; c -(J T

}
W;cq)

u+iv=l+—
T1 \. (w-c) 2@-

~.E +
(TL) (da + 13W2)

(193) -
.

Y2 YL

The function r T’ dytithe integrals involvedin CPIZ,

——

methodssimilarto ihcse used in the
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incompressible
the fozm (193)

is IIELinl.y

imaginary

HACATN No. 13J-5
— -.

case”. The significanceof bringingthe finalequationin
—

is that the imaginarypart of the right-handside

*Y2

contribucedbythe term involvingf“ T(w - C)- dy the

p- of which iS
-’%2-2}*

This can be easilycalcu-
Q u u

lated. Thus,usingthe fact that L is usuallyvery smallgives,
approximately,

- (194) .-

where ~(z) IS the imaginarypart of ~(z). The relation(194)would
give a correspondencebetween c and Z. Fr~ this$the valueof @
can beleasilycalculatedby means’of(107). For more accurate calcula-
tions,use is made of the relations

‘{ }
“1

gl(z) = (1+ A)v (1+ XU)2+ (AV)2 J
-—

where I&iz)is the real part d? J?(z). USiW (V4) as the Initial ap- —

.proximation,a methodof’successiveaPProxi~tionsC= be deve@?e~ .. , .
exactlyas in the incompressiblecase for the calculationof a, R
for givenvaluesof c. The completenumericalcalculationwill be
carriedout for a few typicalcases.

CaliforniaInetltut.eof Technology,
Pasadena,Calif,,November 15, 1944.
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Table I.- Functians F(z) and .~(z)
--—

z ~r Fi F-r Fi

1.0 0.89161 -0.3W25 0.8Q630 -2 ●60557

1.2 ‘ .78969 -.27310 1.77012 -2.298!54

1.4 .71970 -,21213 2.26836 -1.71669

1.6 .66931 -.16009 2 ●44985 , -1.18@0

1,8 .63143 -.11274 2.48104 -*75892

2.0 ‘ .60144 -.06’’~k& . 2.4392’7 -,41?53

2.2 .57599 -.02226 2.35196 -.12348

2.4 .55230 -.02395 2.22724 +.11916

2.6 ‘ .52773 -.07203 2.06929 .31558
.

2.8 .49952 +.12220 1.88566 ,46043

3.0 .46456 .17391 1.68938 .5k872

3.2 *41947 .22520 1.4~26 .58Q82
.

3.4 .36110 .27193 1.32516 .56@1

3.6 .28802 .30705 1.z8429 .51074

3,8 .20352. .32130 ‘ +;67982 .43560

4.0 .IS800 .30721. I..03.J.18 “ .33220

4.2 ,.046g8 .26559 .97361 ,27133

4.4 .00240 .208u .96056 .20038

4.6 .0216a .14475 ●95989 .13601b

4.8 .01477 .09875 .97659 . .09503

.—
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Region of validityof the asymptoticexpeneione

the regular 8olutione”forCl ~0.
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Figure 2.- Region of armlytioltyof thelnvieoid aolutione.
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Figure L!.=Distribution of Kronskian, W(y), and ehe= Stret30,~(Y), for tne invincid,
--

neutral supersonic disturbmce.
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